A PALEY- WIENER THEOREM FOR THE 9-SPHERICAL TRANSFORM: 

THE EVEN MULTIPLICITY CASE 

GESTUR OLAFSSON AND ANGELA PASQUALE 

Abstract. The G-spherical functions generalize the spherical functions on Riemannian symmetric 
spaces and the spherical functions on non-compactly causal symmetric spaces. In this article we 
consider the case of even multiplicity functions. We construct a differential shift operator D m 
with smooth coefficients which generates the G-spherical functions from finite sums of exponential 
functions. We then use this fact to prove a Paley- Wiener theorem for the G-spherical transfrom. 



1. Introduction 

Let a be an /-dimensional Euclidean real vector space with complexification a c , and let a* and a£ 
respectively denote the real and complex dual vector spaces of o. For a compact subset E of a let 
conv(-E) denote its closed convex hull (i.e. the intersection of all closed half-spaces in a containing 
E). The support function of E is the function qs ■ a* — > M defined by 

q E (X) := sup X(H) = sup X(H). (1) 

H£E Heconv(E) 

Let C be a compact convex subset of o, and let C^°(C) denote the space of smooth functions on 
a with support contained in C. The Paley- Wiener space PW(C) consists of the entire functions 
g : a£ — > C which are of exponential type C and rapidly decreasing, i.e., for every N £ N there is a 
constant CV > such that 

\g(X)\<C N (l + \X\y N e^^) 

for all A 6 Oj. The Euclidean Fourier transform of a sufficiently regular function / : a — > C is the 
function Tf : a* c — > C defined by 

Ff{X) := / f(H)e x W dH , 

J a 

where dH denotes the Lebesgue measure on a. A classical theorem due to Paley and Wiener 
characterizes PW(C) as the image of C^°(C) under the Euclidean Fourier transform (see e.g. 
|Hoer90| . Theorem 7.3.1, or [JLOlj . Theorem 8.3 and Proposition 8.6). 

Theorem 1.1 (Paley- Wiener). Let C be a compact convex subset of a. Then the Euclidean Fourier 
transform maps C£°(C) bijectively onto PW(C). Moreover, ifC is stable under the action of a finite 
group W of linear automorphisms of a, then the Fourier transform maps the subspace C™{C) W of 
W -invariant elements in C£°(C) onto the subspace PW(C) W of W -invariant elements in PW(C). 
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Suppose that A is a connected simply connected abelian Lie group with Lie algebra a. Then 
exp : a — > A is a diffeomorphism. Denote by log the inverse of exp. The Euclidean Fourier transform 
of a sufficiently regular functions / : A — > C is the function Ta$ '■ <*c ~~ * ^ defined by 

^/(A) := / /(a)e A ( lo s a ) da, 



where the Haar measure da on A is the pullback under the exponential map of the Haar measure dH 
on a. Let W be a finite group acting on o by linear automorphism. Then we define an action by W 
on A by w(exp H) = exp w{H). Denote by C£°(C) the space of smooth functions on A with support 
in the compact set expC, and let C^°(C) W be the subspace of VF-invariant elements. Composition 
with exp and Theorem II .11 prove that the Euclidean Fourier transform J- a is a bijection of C£°(C) 
onto PW(C) and restricts to a bijection of C™(C) W onto PW{C) W . 

In this paper we generalize Theorem II. II to the case of the O-spherical transform of |Pa01j and 
Pa02a 3 corresponding to a triple (a, E, m). Here o is a Euclidean space, E an irreducible reduced 
root system in the dual space a* of a, and m a positive even multiplicity function on E (see Section 
121 for the precise definitions). Furthermore, denotes a subset in a given fundamental system II of 
a fixed set E + of positive simple roots in E. 

Let W Q denote the parabolic subgroup of W generated by the reflections r a with a G 0. With 
each choice of and A € ajj is associated a function ip (m;\, a), which is defined for a = exp H 
with H in a certain We-invariant open cone o e in o. We set A e := exp(o e ). The function (p (m; A) 
is called the Q-spherical function of spectral parameter A. It is a common eigenfunction of the 
hypergeometric system of differential operators of spectral parameter A constructed by Heckman 
and Opdam. It is real analytic and VFe-invariant. As a function of A G a£, (p (m; A, a) is meromor- 
phic with simple poles located along a specific finite family of affine complex hyperplanes. Indeed, 
there is a polynomial function e@ (m; A), which is a finite product of affine functions of A, and there 
is a tubular neighborhood U e of A e in the complexification A c of A so that e (m; X)ip @ (m; X,a) 
extends as a holomorphic function of (A, a) G a£ x A e . We refer the reader to Theorem 13.61 below 
for detailed information on the regularity properties of the 0-spherical functions. 

The 0-spherical transform of a PF e -invariant function / on A e is the We-invariant function 
!F Q f(m) on a£ defined for A G a£ by 

Fef(m; A) := — !— / f(a)<f e (m;\,a)A(m;a)da, (2) 
I We | Ja q 

provided the integral converges. Here 

A(m) := Yl {e a -e- a ) m ". (3) 

The 0-spherical transform cointains important special cases: 

(a) For m = the 0-spherical spherical function of spectral parameter A is ip e (m; A, a) = 
TIw&Wq e wX ( l ° sa \ The 0-spherical transform of a We-invariant function on A e therefore 
coincides with its Euclidean Fourier transform. 

(b) If = n, then the 0-spherical transform agrees with the Opdam transform |Upd95 , and 



hence with the spherical transform of Harish-Chandra when the triple (a, E, m) corresponds 
to a Riemannian symmetric space G/K of noncompact type. The condition on the even 
multiplicities singles out the spaces G/K with the property that all Cartan subalgebras in 
the Lie algebra q of G are conjugate under the adjoint group of q (cf. |Hel78j . p. 429; see 
also Section [2] below). 

(c) When (a, E,m) corresponds to a Hermitian symmetric space G/K and is the set Ho of 
simple positive compact roots, then the 0-spherical transform coincides with the spherical 



Laplace transform on the non-compactly causal space G/H having G/K as Riemannian 
dual. See Sectional 



Definition 1.2 (Paley- Wiener space). Let m 6 A4 + be an even multiplicity function, and let 
6 C II be a fixed set of positive simple roots. Let C be a compact, convex and EFe-invariant subset 
of o e . The Paley- Wiener space PW @ (m; C) is the space of all We-fnvariant meromorphic functions 
g : ajj — > C satisfying the following properties: 

1. e@ (to; A)<?(A) is a rapidly decreasing entire function of exponential type C, that is for every 
N € N there is a constant Cn > such that 

\e e (m;\)g(\)\<C N (l + \\\y N e^ ReX 1 

for all A G e£. 

2. The function 

PW):= £ ffM) (4) 

extends to an entire function on a£- 

By We-invariance of g, Condition [21 in Definition 11.21 is equivalent to 
2'. The function 

P av 5 (A):=-j- (5) 



1 1 wew 



extends to an entire function on a£. 



Condition [21 is automatically satisfied in the Euclidean case to = 0, in the complex case to = 2, 
and when = II (see Proposition 16 . If) . Notice that e@ = 1 in the Euclidean case and when = EL 
Therefore PW e (C;0) = PW{C) W& and PW n (C;m) = PW(C) W . 

A generalization of the classical Paley- Wiener theorem to the 0-spherical transform holds under 
certain restrictions on and m, which we indicate as Condition A. It requires either that there are 
"not too many" A-singular hyperplanes (condition on to) or that the cone a e is "wide enough" in 
o (condition on 0). We refer to Section El for the precise statement of Condition A. Here we only 
observe that all pairs (0,m) with = IE or m = 0,2 or corresponding to a K £ symmetric space 
with even multiplicities satisfy this condition. The K £ spaces are the relevant symmetric spaces 
for the geometric realization of the 0-spherical transform, and include the non-compactly causal 
(NCC) symmetric spaces as special case. See Section [21 for more information. 

The Paley- Wiener theorem for the 0-spherical transform, which is the main result of this paper, 
is given by the following theorem. 

Theorem 1.3 (Paley- Wiener theorem). Let C EI and let m £ A4 + be an even multiplicity 
function. Suppose Condition A is satisfied. Let C be a compact, convex and W @ -invariant subset 
of a e . Then the -spherical transform J- e (m) is a bijection ofC™{C) w& onto PW q (to;C). 

It is important to remark that Condition A only plays a role in the proof that the 0-spherical 
transform is surjective. The injectivity will be proven without any restriction on the pair (to, 0). 
See Theorem 18.11 

In the case m = 0, Theorem II . 31 reduces to the classical Paley- Wiener theorem for the Euclidean 
spherical transform. For = EI, it is a slight generalization of the Paley- Wiener theorem for the 



Odpam transform as stated in Theorems 8.6 and 9.13(4) in Opd95 , where it has been proven for 
V4^-invariant convex sets of a of the form conv(W(H)) with H £ o. Indeed in this case the Theorem 
holds without assuming that the multiplicities must be even. For = EI and to geometric, it reduces 
to the celebrated theorem of EEelgason-Gangolli-Rosenberg (see e.g. |Hel84j . Ch. IV, Theorem 7.1, 
or |GV88| . Theorem 6.6.8). An elementary proof of Theorem 11.31 for = EI and to even is given 
on p. 
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If (a, S, m) corresponds to a NCC symmetric space G/H and II = Bo, then Theorem 11.31 yields 
a Paley- Wiener theorem for the spherical Laplace transform on G/H. For a very special exausting 
family of compact convex subsets in the m aximal cone C max := an , a Paley- Wiener type theorem 
in this context was also proven in jAOSOOj. However, our description of the Paley- Wiener space in 
Definition 11.21 is more explicit, and very close to the Euclidian one, since the exponential growth 
condition is only modified by multiplication by the polynomial e@ giving the location of the possible 
singularities. The simplification of the Paley- Wie ner spac e in the complex NCC case was also not 
remarked before. Finally, the proof presented in [AQSOOj depends heavily on the causal structure 
of the symmetric space, whereas our proof here applies to a much more general context, and is 
based only on the root structure and the fact that the multiplicities are even. 

More precisely, the proof of Theorem 11.31 is based on a reduction to the Paley- Wiener theorem 
for the Euclidean Fourier transform. The tools allowing this reductions are VF-invariant differential 
operators D m on A linking the B-spherical functions for even multiplicities to the exponential 
functions. These differential operators are essentially special cases of the shift operators of Cpdam 



Cpd88a . Shift operators are differential operators with smooth coefficients on the positive Weyl 
chamber A + but generally singular on the "walls" of A + . The crucial observation is that the 
modified shift operators D m we are using have smooth coefficients on all of A. In fact its coefficients 
are even holomorphic on a certain torus A c complexifying A (see Theorem 14 . 1 01 and Corollarv l4.14j) . 

An important intermediate step in the proof of the Paley- Wiener theorem is a new inversion 
formula for the B-spherical transform in the even multiplicity case. The formula resembles the 
inversion formula for the Euclidean Fourier transform, with only a correction due to the differential 
operator D m . See Theorem 1 1 3 . 1 1 1 and Corollarv ll3.11l 

The study of the modified shift operators D m gives as a parallel result explicit formulas for the 6- 
spherical functions corresponding to even multiplicites. These formulas are of independent interest. 
They yield as special instances new explicit formulas for the spherical functions on Riemannian and 
NCC symmetric spaces with even multiplicities. See Theorem 15. 11 Corollary 15.21 and Examples 
15.31 and 15.41 We determine two types of formulas for the B-spherical functions. The first type 
involves the differential operator D m applied to a sum over the Weyl group W @ of exponential 
functions. This type is used in the proof of the Paley- Wiener theorem. The second type presents 
a differential operator applied to an alternating sum of exponential functions over the Weyl group 
Wq. The formulas of the second type resemble the classical formulas by Harish-Chandra for the 
spherical functions on Riemannian symmetric spaces of noncompact type with a complex structure. 
The second type is obtained from the first one by splitting D m as a composition of a differential 
operator and the shift operator of constant shift 2. 

The proof that the operator D m have nonsingular coefficients depends on the behavior of the 
Harish-Chandra series and their derivatives in the spectral parameters on the walls of the positive 
Weyl chamber. This behavior can be deduced from new estimates, which hold for arbitrary positive 
multiplicity functions and which we have collected in Appendix A. The fact that the above men- 
tioned splitting of D m returns a differential operator is stated in Corollary 14.161 which is proven in 
Appendix iBl 
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2. Preliminaries 

Let a be an Z-dimensional real Euclidean vector space with inner product (•, •). For every a in 
the dual space a* of a, let A a € a be determined by a(H) = (H, A a ) for all H G a. Then for a ^ 
the vector H a := 2A a /(A a , A a ) satisfies a(H a ) = 2. The assignment (a, f3) := {A a ,Ap) defines an 
inner product in o*. Let S be a reduced root system in a* with associated Weyl group W. For 
every a G S, we denote by r a the reflection in o* defined by r a (X) := A — X(H a )a for all Ago*. 

Let E + be a choice of positive roots in S and II = {ai, . . . , a;} the system of simple roots 
associated with S + . The positive Weyl chamber a + consists of the elements H G o for which 
a(fT) > for all a G S + . 

The complexification a c := o <8>k C of a can be viewed as the Lie algebra of the complex torus 
A c := ac/ZfoirHu : a G £}. The exponential map exp : o c — > A c is the canonical projection of 
o c onto A c - Its multi- valued inverse is denoted by log. The split real form A := expo of A c is an 
abelian subgroup of A c with Lie algebra o and exp : a — > A is a diffeomorphism. Set A + := exp o + . 
The polar decomposition of A c is A c = AT, where T := exp(ia) is a compact torus with Lie algebra 
ia. Let a c be the space of all C-linear functionals on o. The action of W extends to a by duality, 
and then to a*, and a c by C-linearity, and to A c and A by the exponential map. Moreover, W acts 
on functions / on any of these spaces by (wf)(x) := f(w~ l x), w G W . The C-bilinear extension 
to a c and o c of the inner products (•, ■) on o* and o will also be denoted by (•, •). 

A multiplicity function on S is a W-invariant function m : S — > C. Setting m a := m(a), we 
therefore have m wa = m a for all a G S and w G W. The set M of all multiplicity functions on S 
is a subspace of the finite-dimensional C- vector space C s . Given k G C, the multiplicity function 
with {km) a = km a for all a G S is denoted by km. The multiplicity function with constant value 
m a = k for all a G X is denoted by k. The multiplicity function m is said to be positive (resp., even) 
if m a > (resp., m a G 2Z) for all a G S. The set of positive multiplicity functions is denoted by 
M + . Finally, a multiplicity function m is said to be geometric if there is a Riemannian symmetric 
space of noncompact type G/K with restricted root system S such that m a is the multiplicity of 
the root a for all a G E. Otherwise, m is said to be non- geometric. 1 

In the geometric case, even multiplicities correspond to Riemannian symmetric spaces G/K with 
the property that all Cartan subalgebras in the Lie algebra g of G are conjugate under the adjoint 
group of q (see |Hel78j . p. 429). The simplest examples correspond to spaces with a complex 

^We adopt the multiplicity notation commonly used in the theory of symmetric spaces. It differs from the notation 
employed by Heckman and Opdam in the following ways. The root system R used by Heckman and Opdam is related 
to our root system E by the relation R — {2a : a £ £}; the multiplicity function k in Heckman-Opdam's work is 
related to our m by fea = m a /2. 
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structure, for which all multiplicities are equal to 2. Among the pseudo-Riemannian symmetric 
spaces, the material developed in this paper is particularly relevant for the study of spherical 
funct ions on the AT e -spaces and the so-called non-compactly causal (NCC) symmetric spaces (see 
e.g. Jh096|). We shall assume that G is simple. Let 6 be the Lie algebra of K and denote by 6 
the corresponding Cartan involution. Denote by p the (— l)-eigenspace of 9. We assume that a is a 
maximal abelian subspace of p. Set m = 3j(a) and g a = {X G g a : [H, X] = a(H)X for all H G a }. 
A map e : £ — > {1,-1} is a signature if e(a + (3) = e{a)e{(3) whenever a, (3, a + G £ and 
e{a) = e{— a) for all a G £. Let e be a signature. Define an involution 9 e on g by 



and for each a G £ by 

6» £ | 0Q = e(a)0| fl <* . 

Denote also by 6 e the corresponding involution on G, and let = {g G G : e (g) = g}. Then G/H 
is called a JQ-space. If there exists a Xo G a such that a(Ao) G {0, 1, —1} for all a G £ and the 
signature e is given by 

e(a) = (6) 

then G/H is a non-compactly causal symmetric space. We notice that the root system and the 
multiplicity function corresponding to the symmetric space G/H is the same as that of G/K. The 
infinitesimal classification of the AT e -spaces G/H with simple G can be found in the appendix of 
OS80 . The root multiplicities can be read off from the list. We ist all the K £ symmetric pairs 
with even multiplicites in Appendix [UJ An interesting fact, which however will not be used in the 
present paper, is that all multiplicities of a iQ-space with even multiplicities are equal. 
For a G £ and A G a£ we set 

_ X(H a ) _ (A, a) 

A « ■- 7> — 7 T- {<) 

2 {a, a) 

The restricted weight lattice of S is the set P of all A G a* with X a G Z for all a G E. Notice that 
2a G P for all a G E. The elements in \ P are said to be generic. 

If A G P, then the exponential e A defined by e x (a) := e A ( loga ) is sin gle valued on A c . The C- 
linear span of the e A , A G P,is the ring of regular functions C[^4 C ] on the affine algebraic variety A c . 
The lattice P is M^-invariant, and the Weyl group acts on CL4 C ] according to w(e x ) := e wX for all 
w G W. The set ^ eg := {h G A c : e 2a ^°^ ^ 1 for all a G £} consists of the regular points of A c 
for the action of W. Notice that A + is a subset of A^ s . The algebra C[^4c 6g ] °f regular functions 
on ^4c 6g is t ne subalgebra of the quotient field C(A C ) of CL4 C ] generated by CL4 C ] and 1/(1 — e~ 2a ), 
a G E + . Its VF-invariant elements form the subalgebra CL^ 68 ] 1 ^. 

Given a multiplicity function m G A4 on E, we define 

p{m) := ^ XI m ° a ' ( 8 ) 
A(m) := (e Q - e " a ) mQ = e p ( m ) JJ (1 - e~ 2a ) ma . (9) 

In particular, A := A(l) is the Weyl denominator. 

Lemma 2.1. Let T, be a reduced root system and let m G A4 + be an even multiplicity function. 
Then p G P. Consequently, A(m/2) G CL4 C ]. Furthermore, A(m) G Cf^c] 117 . 

Proof. If a G II is a simple root, then /9 a = m a /2 G Z. For general a G E there are /3 G II and 
to G W so that a = w/3. The property that /9 a G Z follows then by induction on the length of w. 
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This proves p G P. Since —2a G P and m a /2 G Z, we also obtain 

A(m/2) = e p JJ (1 - e" 2 ")™"/ 2 e C[A:]- 

Let c = | S aeS + m Q . Then 

A(m) = (-l) c \\ i e ° " e~ a ) m « /2 f[ (e"° - e Q ) m " /2 = (-l) c [| (e a - e ~ a ) ma/2 , 

Q6E+ aGS+ aeS 

which proves that A(m) € C[j4 c ]^. rj 

Let S(o c ) denote the symmetric algebra over a c considered as the space of polynomial functions 
on a£, and let S(a c ) H/ be the subalgebra of IV-invariant elements. For p G S(a c ) write d(p) 
for the corresponding constant-coefficient differential operator on A c (or on a c ). Let B(j4 c eg ) := 
CL4 c cg ] <S> S(o c ) denote the algebra of differential operators on A c with coefficients in CL4 c cg ]. The 
Weyl group W acts on B(A c eg ) according to 

w{(j)® d(p)) := wcj) <S> d(wp). 

Let B(Ac g ) w denote the subspace of PF-invariant elements in B(A c eg ). The set B(A r c eg ) (g> C[W] of 
differential reflection operators on A™ g can be endowed with the structure of an associative algebra 
with respect to the product 

(Di <g> w\) ■ (D 2 (g> u> 2 ) = DiWi(D 2 ) ® w\W2, 

where the action of W on differential operators is defined by (wD)(wf) := w{Df) for every suf- 
ficiently differentiable function /. It is also a left C[74 c eg ]-module. Considering D G B(j4 c eg ) as 
element of B(A c eg ) <8> C[W], we shall usually write D instead of D <g> 1. The differential-reflection 
operators act on functions / on A™ g according to (D ®w)f := D(wf). 
Define a linear map T : 0(A T c eg ) <g> C[W] -» B^ 8 ) by 

T(J>,®^):= J> r 

Then T(Q)/ = Qf for all Q G B(,4 c eg ) ® C[W] and all TV-invariant / on A r c eg . 

Definition 2.2. f |Che91| ^ Let m G M and ^ G a c . The Dunkl-Cherednik operator T(m;H) G 
B(A c eg ) <g> C[W] is defined by 

T(m; £T) := d(H) - p(m){H) + ^ m a a(H)(l - e" 2 ")" 1 <g> (1 - r a ). 

The Dunkl-Cherednik operators map C[j4 c ] into itself, but they can also be considered as opera- 
tors acting on other function spaces, for instance, on the spaces of smooth and compactly supported 
smooth functions on A and a. Indeed, as can be seen from the Taylor formula, the term 1 — r a 
cancels the apparent singularity on A and a arising from the denominator 1 — e~ 2a . 

The Dunkl-Cherednik operators {T{m;H) : H G Oc} form a commuting family of differential- 
reflection operators in B(A c eg )<g>C[W] (cf. |Upd95| , Section 2). Therefore the map H h- > T(m; H) on 
Oc extends uniquely to an algebra homomorphism of S(o c ) into B(^4 c eg )(g>C[IF]. For p G S(a c ) we set 
D(m;p) := T(T(m;p)). Then T establishes an algebra homomorphism of {T(m;p) : p G S(a c ) w } 
into B(A c eg ) H/ (see [HS941. Lemma 1.2.2). The differential operator D(m;p) is the unique element 
of H)(A™ S ) W coinciding on CL^ 6 ^ 1 ^ with the restriction of T(m;p). The algebra 

D(o,E,m) := {D(m;p) :pG S(a c ) W } (10) 

is a commutative subalgebra of H)(A^ S ) W . It is called the algebra of hypergeometric differential 
operators associated with the data (a, £,m). 
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Let La denote the Laplace operator on A and let pl E S(a c ) be the polynomial defined by 
p L (\) ■= (A, A) for A € a*. Then 

ML(m) := D(m;p L ) = L{m) + (p(m) , p(m)) , (11) 

where 

L{m) :=L A + m a ^ _ ^ 8{A a ) (12) 

generalizes to arbitrary multiplicity functions m the radial component on A + of the Laplace operator 
on a Riemannian symmetric space G/K of noncompact type. The algebra D(o, S,m) coincides 
with the commutant {Q G B(A r c eg ) w : L(m)Q = QL(m)} of L(m) in B^c^)^ It is therefore the 
analog, for arbitrary multiplicity functions, of the commutative algebra of the radial parts on A 
of the invariant differential operators on a Riemannian symmetric space of noncompact type. The 
map 7(771) : D(a, £,m) — > S(o c ) w defined by 

7 (m)(£>(m;p))(A):=p(A) (13) 

is an algebra isomorphism, called the Harish-Chandra homomorphism (see |HS94j . Theorem 1.3.12 
and Remark 1.3.14). Chevalley's theorem implies that D(a, S,m) is generated by l{= dimo) ele- 
ments. 

Let A € be fixed. The system of differential equations 

D(m;p)<p = p(\)<p, P eS(a c f, (14) 

is called the hypergeometric system of differential equations with spectral parameter A associated 
with the data (a, £,m). For geometric multiplicities, the hypergeometric system (|14JI agrees with 
the system of differential equations on A defining Harish-Chandra's spherical function of spectral 
parameter A. 

In the following we denote by N the set of positive integers and set No = N U {0}. 



3. 6-SPHER.ICAL FUNCTIONS 

As in the theory of spherical functions on Riemannian symmetric spaces of noncompact type, 
Heckman and Opdam H087 looked for solutions of the hypergeometric system (|14|) with spectral 
parameter A which are of the form 

$(m; A, a) = e {x ~ p) ^ a) ^ r M (m; A)e^ (loga) (15) 

^e2A 

for all a in some tubular neighborhood of A + in A c . Here A := |X^j=i n i a i • n j ^ is the 

positive semigroup generated by the fundamental system of simple roots IT := {a\, . . . , ai} in S + . 
For p € 2A \ {0}, the coefficients r^(m; A) are rational functions of A € a£ determined from the 
recursion relations 

(p,p - 2A)r M (m; A) = 2 ^ m a ^ r Ai _ 2 fc Q (m; X)(p + p - 2ka - A, a), (16) 

aes+ feeN 

which are derived by formally inserting the series for <I> into the differential equation of (|14|) cor- 
responding to p = pl- With the initial condition To (to; A) = 1, the relations (fl6|) admit unique 
solutions T M (m;A) provided (p, p — 2A) 7^ for all p € 2A \ {0}. The functions $(to;A, a) are 
commonly known as the Harish-Chandra series. 
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Theorem 3.1. (a) ( |Upd88b| , Corollary 2.3; see also |Upd93| , Lemma 2.1) There is a con- 
nected and simply connected open subset UofT containing the identity element e such that 
<fr(m;A, a) is a meromorphic functions of (m, A, a) £ M. x x A + U with at most simple 
poles along hyperplanes of the form M. x 7i n , a x A + U, where 

W n ,a := {A € Oc : \ a = n} 

is a complex hyperplane in a£ corresponding to some a E S + and n € N. 
(b) ( HS94], Corollary 4.2.6) For A 6 a£ \ P the set {®(m;w\,a) : w <E W} is a basis for the 
solution space of {1$ on A + U . 

The set U in Theorem 13.11 is chosen so that the function log is single valued on it, i.e. so that 
e (A-p(m))(ioga) is holomorphic on U for all A E a£. Observe that there is a neighborhood V of A = 
in a£ such that <l?(m; A, a) is a holomorphic function of (m, A,a)£Mx^x A + U. 

Let O C II be an arbitrary set of positive simple roots, and let (0) = En span be the subsystem 
of £ generated by 0. Then the Weyl group W @ of (0) is the subgroup of W generated by the 
reflections r a with a € 0. 

Given an even multiplicity function m G M + , we define 

m a /2-l 

4<™;A):= n n 

C eKA):= J] 11 ^Tk 

QGS+\{0)+ k=-m a /2+l a 



m a /2-l 

(-i)^ n n r 2 

«es+\{0)+ fc=o 



A Q + k 



where 



aGS+\(e> + 



Definition 3.2. Suppose A G \ P- Then the Q-spherical function of spectral parameter A is the 
We-invariant solution of (J14[) defined on A + U by 

V9 e (m; A, a) := Cq (m; A) c@ (m; wA) < I ) (m; wX, a). (18) 

Remark 3.3. The functions Ce and c@ are respectively the analog for (0) of Harish-Chandra c 



function for Riemannian symmetric spaces and of the c-function of K099 for NCC spaces. We 
refer the reader to |Pa01j or |Pa02aj for their general definition and for further information on 
0-spherical functions corresponding to arbitrary multiplicity functions. 

Example 3.4. When = LT, the function ip n (m; A, a)/c^ (m; p(m)) coincides with the hypergeo- 
metric function of spectral parameter A as defined by Heckman and Opdam H087|. For geometric 
multiplicity functions, it therefore agrees with the restriction of Harish-Chandra's spherical function 
of spectral parameter A to a maximal flat subspace A of the corresponding Riemannian symmetric 
space G/K. 

Example 3.5. Suppose E is the restricted root system of a NCC symmetric space G/H. If 
= LTo is the set of positive compact simple roots and m is geometric, then the function 
<^ no (m; A, a) / c^ {m] p{m))c^ Q {m] p{m)) coincides with the spherical function on G/H with spec- 



tral parameter A as defined by |FH094j (see 0197 



Set 

a e := (W e (cF))° = {H £ a : a(F) > for all a £ £+ \ (6)+}, (19) 

A e := (W e (A+))° = exp(a e ). (20) 

The regularity properties of the 0-spherical functions for even multiplicity functions are collected 
in the following theorem. 



Theorem 3.6. (|OP02j, Theorem 10) Define 

m a /2—l 

e- e {m-X):= \{ \{ (A„ - *). (21) 

QGS+\(6>+ k=-m a /2+l 

Then there is a W e -invariant tubular neighborhood U B in A c of A e such that the function 

e~(m; A) ip e (m;\,h) 

extends as a W e -invariant holomorphic function of (\,h) £ x U e . 

Estimates for the 0-spherical functions and their derivatives for G = II and m £ A4 + arbitrary 
have been proven by Opdam. 

Lemma 3.7 (cf. Opd95 , Theorem 3.15, Proposition 6.1 and Corollary 6.2). Let m £ M. + be a 

fixed multiplicity function. For a £ A c write logo = or + ia\ with or, cl\ £ a. 

(a) For all A € a* and all a £ A c satisfying |a(ai)| < tt/2 for every a £ S 

\<p n (m; A, a) I < {W^ 2 C^(m; p(m)) e ~ miUwew lmwX ( a l)+ m ^wew wp(a I )+ma.x wew RewX(a R ) 

In particular, for all a € A und A £ a*, 

\<p n (m;\,a)\ < \W\ 1/2 c+(m; p(m)) e ™^wRcw\(io ga ) ^ 

(b) Let I = (ti, . . . , Li) be a multi-index and let = d(H\) 1 ' 1 ■ ■ ■ d{Hi) il be the corresponding 
partial differential operator associated with an orthonormal basis {Hi, . . . ,H{\ of a. Then, 
for every e > 0, there is a constant Ci )£ > such that for all a £ A and A £ ia* with |A| > e 

|c^ n (m;A,a)| < C 7 , £ |A| |/|+ ' , 

where \I\ := Ylk=i L k- ^ n particular, if K C A is compact, then there is a constant Cj^k > 
so that for all a £ K and A £ ia* 

\di<p n (m;X,a)\ < C IjK {l + (23) 

The definition of the 0-spherical functions and analytic continuation yield the following impor- 
tant functional relation. 

Lemma 3.8. Let m £ M. + be even, and let d(Q,m) be as in j!7\) . Then there is a W -invariant 
neighborhood of A e in A c on which the relation 

^ n (m;A,a) = (-l) d(e ' m) £ ip e (m;wX,a) 

w e \w 

holds as equality of meromorphic functions on a£ . 

We shall prove in SectionEJthat, in the case of even multiplicity functions, explicit global formulas 
for the 0-spherical functions can be obtained by means of Opdam's shift operators. 
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4. Harish-Chandra series and Opdam's shift operators 

Let Ca[AJ = Ufe e z A fc CL4 c ] denote the localization of CL4 C ] along the Weyl denominator A = 
n aG z+{e a -e~ a ) £ C[icj. Then C[M] ®Ca[A c ] ®S(o c ) is the algebra of the differential operators 
on A c (or a c ) with coefficients in Ca[A:] depending also polynomially on the multiplicities. Recall 
from (|TT|) the notation ML(m) := L(m) + (p{m), p{m)). 

Definition 4.1. ( Opd88a|; see also |HS94j . Chapter 3) Let I G Ad be an even multiplicity function. 
A shift operator with shift I is a differential operator D(l) G C[A4] (g) Ca[^4c] ® S(a c ) satisfying the 
following properties: 

(i) For all m G M 

D(l; to) o ML(m) = ML(m + l)o D(l; to). 

(ii) The differential operator D(l) admits on A + an expansion of the form 

D(l) = ]T e-rfO-^) (24) 

with p^ G C[M] <S> S(c»c) 

Remark 4.2. In 14.11 we have set D(l;m) := D(l)(m), where to denotes the variable in A4 from 
which D(l) depends polynomially. The asymptotics of D(l) in (juj) correspond to the power series 
expansion (e a — e~ a )^ 1 = 'Y^ = ie~ 2ka on A + . Moreover, the elements of C[A4] act in (|24|) as 
constants, i.e. d(q ®p) := q d(p) for q G C[A1] and p G S(a c ). 

All shift operators turn out to be VK-invariant. See e.g. |HS94| . Corollary 3.1.4. The name "shift 
operator of shift I" reflects the property of D(l) of relating Harish-Chandra series corresponding to 
multiplicity functions differing by the shift I. This is the content of the next Theorem. . 

In the following we denote by D* the formal transpose of a differential operator D on A™ g with 
respect to the Haar measure da on A: 

f (Df)g da= f f(D*g) da 
J A J A 

for all smooth functions /, g on ^4 reg := A™ s n A with at least one of /, g with compact support. 

Theorem 4.3. ( Opd88a ) Let I G M + be an even multiplicity function. 

(a) There exists a unique shift operator G-(—l) of shift —I such that 

G_ {-I; m)$(m; A, a) = c n( m ~ ?;A ) $( m _ t . Xj a ) 

c£(m;A) 

for all (to, X,a) e M x (a£ \P) x A + . 

(b) Let A(to) be as in Then 

G+(l;m) := A(-l - m) o G*_{-l;m + I) o A(m) (25) 
defines the unique shift operator G+(l) of shift I such that 

G + (I; m)*(m; A, a) = c "( m; ~ A ) d> (m + l- A, a ) 
Cn (to + -A) 

/or a// (to, A,a)eMx (a£ \P)x#. 

Proof. The existence of G-(—l) and G+(Z) is proven in |HS94j . Theorem 3.4.3 and Corollary 3.4. 
Their uniqueness depends on the injectivity of the Harish-Chandra mapping for shift operators 
{loc. cit., Proposition 3.1.6; see also Theorems 3.3.6 and 3.3.7, and the remark after the proof of 
Corollary 3.4.4). □ 
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Remark 4.4. Obviously G±(0;m) = id for all m G A4. 

The multiplicity m = corresponds the Euclidean case with *(0;A,o) = e A ( lo s a ). Hence Theo- 
rem provides a link between Harish-Chandra functions for even multiplicities and exponential 
functions. 

Corollary 4.5. Let m G A4 be even. Then the differential operators in Ca[^4c] ® S(o c ) 

D_(m) := G-(-m;m), (26) 
£>+(m) := G+(m; 0) = A(-m) o G*_(-m; m) = A(-m) o £>* (m) (27) 

safe/y /or a// (A, a) G (a£ \ P) x yl+ 

£>_M*(m;A,a) = 1 e A ( lo s a \ (28) 
cJ(m;A) 

L> + (m)e A(loga) = —TT7— r *(m; A, a). (29) 

Cn(?n; - A) 

Remark 4.6. Suppose m £ is even. The uniqueness of the shift operators G± implies for even 
l',l"(£M + 

G-(-l' - l"; m) = G-(-l'; m - l") o G-(-l"; m), 
G+(!' + l";m) = G + (l';m + l")oG+{l";m). 

In particular, suppose m G A4 is even with m a > 2 for all a. Then 

D_(m) :=G_(-m;m) =G-(-2;2)oG_(2-m;m) =D_(2)oG_(-(m-2);m), (30) 
D+(m) := G+(m; 0) = G+(m - 2; 2) o G+(2; 0) = G+(m - 2; 2) o D + {2). (31) 

Furthermore, shift operators of even constant shift m G M can be obtained as composition of 
fundamental shift operators corresponding to shifts ±2. For instance, when m a = m G 2N for all 
a G S, we have 

GL(-m; m) = G_(-2; 2) o • • • o G?_(-2; m - 2) o G_(-2; m), 
G+(0; m) = G+(2; m - 2) o • • • o G+(2; 2) o G+(2; 0). 

Explicit formulas for D-(2) = G_(— 2; 2) and Z?+(2) = G + (2;0) are given in Example PI below. 

Example 4.7 (The rank-one case). The rank-one case corresponds to triples (a, E,m) in which 
a is one dimensional. Suppose E = {±o;} is of type A\. Notice that P = "La in this case. We 
identify a c and a£ with C by setting Aa = A and zH a /2 = z for A, z G C. A multiplicity function 
can be identified with a complex number m G C. It is even if and only if m G 2No- We have 
then p(m) = m/2. The exponential function maps o c = C onto A c = C x , and A™ s = C \ {0, ±1}. 
The Weyl chamber o + coincides with the half-line (0, oo). The Weyl group W reduces to {1,-1} 
and acts on a c by multiplication. We normalize the inner product so that {a, a) = 1. With the 
identification of C[^4 C ] = C[u, u ], the Weyl denominator is given by A(u) = u—u . Set 9 := u 
Fix u~ l du as Haar measure on A = R \ {0}. Then (cf. |HS94| . §3.3) 

1 — u~ 2 

MLim) =9 2 + m 9 + p(m) 2 , 

1 + u 1 

G_(-2;m) = A(u)9 + (m - l)(u + u' 1 ), 

G + (2;m) = — (independent of m). 
A(n) 

12 



Seen as differential operators on a c = C, we have with A(z) := e z — e z , 

ML{rn) = l^ +m TT7^Tz +p{m) ' 

GL(-2; m) = A(*)-p + (m - l)(e z + e" 2 ), 

Moreover G±(0;m) = id. For an arbitrary / 6 2N, the shift operators G±(±l) can be obtained by 
iteration according to Remark ()4.2|) . In particular, 

D + (m) = G + {m- 0) = G+(2; 0) m/2 . 

Example 4.8 (The complex case). The complex case is characterized by the condition m a = 2 for 
all a G S. As differential operators on A c or a c we have 



D_(2) =G_(-2;2) = <r( ] [ 9(4))oA, 



Z) + (2) = G + (2;0) = 3FA" 1 [J 



aGE+ 

where cr _1 := nae£+ ( a > a )j ^ := ( — l)^^ 17 ; anci ! as before, A = A(l). 

As proven by Heckam and Opdam, arbitrary shift operators can be computed using Cherednik 
operators. 

Proposition 4.9 ( |Hec97j . Definition 4.2 and Proposition 4.4; UpdOO , Theorem 5.13). Let T(m;p) 
be the Cherednik operator associated with p G S(a c ) and write 

T(m;p) = ^2 D w (m;p) (g> w 
with D w (m;p) G Bf^ 68 ). Let q(m) G S(a c ) be defined by 

ma 
2 



(m;A) := ] [ (\ a + 



Then the fundamental shift operators G+(2; m), G_(2; m) G 0(A T ^ g ) are given by 

G+{2;m) = A^ 1 ^ D w (m;q(m)), 

G_(-2;m + 2) = \W\~ X ^ e(w) v[D w {m; q(m))A) , 

w,v£W 

where e : W —> {±1} is the sign character. In particular, for f G C[A C ] W we have 

G + (2;m)/ = A- 1 £ T(m;q(m))f, 

G_(-2;m + 2)/ = |W| _1 ^ v(T(m;q(m))A)f. 

w,v£W 

The remaining of this section is devoted to the proof of the following theorem, which is our first 
main result. It shows that multiplication of the shift operators D±(m) by A(m) yields differential 
operators with holomorphic coefficients on the entire A c . 
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Theorem 4.10. Set 

D m := A(m)D+(m) ( = G*_{-m;m) = D_(m)*) . (32) 

T/ien D m is a W -invariant element of C[A C ] ® S(a c ). ^4Z/ t/ie coefficients of D m vanish on 
U aeS +{ a e ^ : a(loga) =0}. 

For the proof of Theorem 14. 1UI we need to introduce some notation. Let {Hi, . . . , Hi} be a fixed 
orthonormal basis in a with dual basis . .. for a*. The coordinates of A G a£ with respect 
to . . . , are (Ai, . . . , A;) with Xj := X(Hj). For a multi-index J = (ti, . . . , tj) G N we adopt 
the common notation 

i I 
\I\ = ^ Lj and /! = JJt,! 

J'=l 3=1 

and set 

A 7 := A, 1 ...Xf. 

If p := .H^ 1 ® • • • ® JETj' G S(o c ), then p(X) = X 1 . The constant coefficient differential operator d(p) 
on A c (or o c ) will be denoted d a , that is 

d I a :=d(p) = d(H 1 yi---d(H l y i - 

We set 

for the constant coefficient differential operator on a£ corresponding to ^ ® • • • ®£[ i . Observe that, 
for multi-indices I = (ii, . . . , i{) and = [k%, . . . ,k{), one has 

af e A = AV (33) 

and 

(5f A/ )lA=0 = ^ ! ^ ( 34 ) 

with 5j k = 1 if tj = Kj for all j = 1, . . . , I and equal to otherwise. 
Since A € CL4 C ] 5 every D G Ca[Ac] ® S(o c ) can be written as 

D = A k Y^^i^dl 

where denotes a sum over a finite set of multi- indices /, tui G C[vl c ] and k € Z. We can assume 
that this representation of D has been chosen with k as big as possible. Then D G CL4 C ] ® S(a c ) 
if and only if A; G No- (In particular, the condition G No is independent of the choice of the basis 
{Hi, . . . , Hj} of o fixed for the representation of D.) 

Lemma 4.11. Suppose X is a reduced root system and a,f5 G S + with a ^ f3. Then 1 — e~ 2a and 
1 — e~ 2 @ are relatively prime in C[A C ]. 

Proof. This follows from [Bou02j . Ch. VI, §3, Lemma 1 (ii) - rj 

Lemma 4.12. Let D G Ca[4c] ® S(a c ). Suppose D = A k Y^i ® ^ (with Uj G C[A C ] and k G Z 
maximal) is the representation of D with respect to the fixed basis {Hi, ... ,H{\ of a. 

(a) // all coefficients A k ujj are nonsingular on A, then D G CL4 C ] ® S(a c ). 

(b) If D is W -invariant and all coefficients A k ujj are nonsingular on A + , then D G C[^4 C ] ® 
S(dc). 

(c) If D is W -invariant and all coefficients A k u>j vanish on d(A + ), then they also vanish on 
Uaes+{ a G A '■ a (log a) = 0}. 
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Proof. By maximality of k, there is a multi- index / so that A does not divide ujj. Hence there is 
a G S + so that 1 — e~ 2a does not divide u>j. If 

/9GE+\{a} 

is non-singular on A, then G No by Lemma 14.111 This proves (a). 

For (b), notice first that the possible singularities of A k ujj in A lie in the zero set of A, i.e. along 
the hypersurfaces TC a := {a G A : a(loga) = 0} with a G S + . By assumption, no singularities of 
the coefficients A k u;j lie in A + , that is, no hypersurface Tig is singular when (3 G II is a positive 
simple root. Suppose W a is a singular hypersurface of a coefficient A fc a;x of D. There exist w G W 
and /3 G II such that wa = (3. Since D is PF-invariant, we have 

D = wD = ^ w(AVr) <S> u;8£. (35) 
From (|33j) we obtain for arbitrarily fixed A G a£ 

(IfcV* = A fc CfcV* = £ A fc c 7 A 7 . 



Observe that 

(wdi)^) :=w{d I a {w- 1 e x )) =w(d I a e w ~ lx ) = w^nj- 1 X) 1 e w ' lx ) = ( W - 1 X) I e x 



Hence (|33|) yields 

(De x )e- X = w(A k oj I )(w\) 1 . 

Therefore, for all A G a£, 

uj(AVt) (wA) J = E A fc u 7 A 7 . 

Replacing A with wX, we conclude 
and thus, by (jHljl . 

«>(AW) = ^ A fe W/ (af (™A) Z ) | a=q . (36) 

Since A k coK is singular along 7i a , it follows that u>(A fc u;x) is singular along wH a = T~Cp- According 
to (|36|) . u^A^u;^) is a linear combination of the coefficients A fc w/. So there must be a multi-index 
/ for which A k ujj is singular along Tip, in contradiction to our assumption. Thus no coefficient 
A k u>j can be singular in A, and the claim follows then from (a). 

Part (c) follows immediately from (|36|) and from the fact that W acts transitively on the Weyl 
chambers. rn 

The following key lemma is a consequence of a more general result, which will be proven in 
Appendix EI (see Corollary IA.9|) . 

Lemma 4.13. For every m G A4 + and every multi-index I the function A(m; a)d^$>(m; A, a)| A _ 
extends continuously on A + by setting it equal to zero on the boundary d{A + ) of A + . rj 

Proof of Theorem \4-10[ The VF-invariance of D m is an immediate consequence of Lemma 12.11 
and the fact that D + (m) = G+(m;0) is W-invariant. Lemma 12.11 also guarantees that D m G 
Ca[^c] <8 S(a c ). Hence we can write 

An = A fc "I ® 9 T a , (37) 
where I are multi-indices, uj G C[Ac] and k G Z is maximal. Because of (|33p . 

(D m e A )e- A = A^^M 7 - (38) 
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From (|34|). (J3HJ), l|29[) and from the product rule for differentiation we obtain 



e -A(log a) 

/! ° X \c+(m;-A) 



A=0 

A(m; a)<I>(m; A, a 

e -A(log a) 



A=0 



7 J!K! A V c +(m;-A) 



A(m; a)<9jf <l>(m; A, a 



A=o 



A=o 



Lemma 14.131 implies then that each coefficient A k ui in the representation (j37j) of -D m extends 
continuously to A + by setting it equal to on d{A + ). Since D m is VF- invariant, the theorem thus 
follows from Lemma 14.121 (|b"|) and (jcj) . rj 

In the following corollaries we shall always assume that m G 7W + is a fixed even multiplicity 
function. 

Corollary 4.14. D_(m) := G_(-m;m) G CL4 C ] ® S(a c ). 

Remark 4.15. Corollary 14.141 is consistent with the idea that, since G-(—m;m) "removes" the 
singularities of $(m; A, a) along d(A + ), it should not have singular coefficients there. 

The following corollary will be important to determine formulas for the G-spherical functions in 
which, as in the complex case, an alternating sum appears (see Corollary 15 .2|) . Its proof, which 
depends on Theorem 14. 101 and also on some elementary algebraic properties of CL4 C ], can be found 
in Appendix iBl 

Corollary 4.16. A(m)G + (m - 2; 2) o A(-l) G C[A C ] <g) S(o c ). Consequently A(m)G + (m - 2; 2) is 
a W -invariant element of C[A C ] (g> S(a c ). 



Proof. See Appendix [BJ 

Corollary 4.17. Let U denote the tubular neighborhood of A from Theorem \3.1l and let D r _ 
A(m)D + (m) be as in Theorem \4.1U[ Set 



□ 



vr(A) 



n v 



(39) 



Then the polynomial 7r(A) divides D m e x ^° sa ^ for all a € U . 
Proof. By ()31|) and Example 14.81 we have 

#me A(loga) = A(m)D + (m)e A ( loga ) 

= A(m)G+(m - 2; 2)D+(2)e A(loga) 

= A(m)G + (m-2;2)[(-l)l s+ lA- 1 ]J 



d(A 



(a, a) 



ai e A(log a) 



vr(A) (-1)I S+ I ( A(m)G + (m - 2; 2) o A(-l)) e A ( loga \ 



and A(m)G+(m - 2; 2) o A(-l) G CL4 C ] ® S(o c ) by Corollary EH 

16 



5. Explicit formulas for the G-spherical functions 

In this section we prove explicit formulas for the 0-spherical functions corresponding to even 
multiplicity functions. They generalize the well-known formula by Harish-Chandra for the spherical 
functions on Riemannian symmetric spaces of the noncompact type with a complex structure and 
the formula by Faraut, Hilgert and Olafsson for the spherical functions on NCC symmetric spaces 
with complex structure. 

We introduce the polynomial 

m Q /2— 1 

e+(m;A) = (-l)^<e>+ ma [] ]] (X a — k) 

a€(B)+ k=-m a /2+l 

(with empty products equal to 1). Recall the polynomial ee(m;A) and 7r(A) from from (|21j) and 
(|3*§)) . respectively. Notice that 

e-(m;A)e+(m;A) = (-l) d ( - m ) e +(m; A). (40) 

Finally, let 

4(m;A) a J + l {e)+ J- = l Xa + k 

Theorem 5.1. (a) Let m G M. + be even, and let D m = A(m)D + (m) G C[^4 C ] x S(o c ) be as in 
\°3ty) . Then the 0- spherical function (p e (m;X,a) is determined by the formula 

e -(m;A)A(m;a)y e (m;A, a )= 1 D m ( £ e wX ^ a A. (41) 

7r(A)e+(m;A) \ ^ J 

The left-hand side of is a holomorphic function of (A, a) G aj£ x A e U . For fixed A G ajj 
the function 

D m ( 53 e " A(loga) ) 

we We 

is single valued and holomorphic in AUq, where Uq (d U ) is a largest open neighborhood 
of e in T in which e wX ( lo & a ) is single-valued for all w G W @ . As a function of (A,a) ; it is 
single valued and holomorphic in a£ x U e with U e := dxea^U^. ^ e can ^ a ^ e = T when 
A G P. 

(b) For all (A, a) G a£ x A @ U, we have the following equality (as meromorphic functions of X 
with singularities located along the zero set o/ee(m;A)J: 

m a /2-l 

A(m;a) Ve (m;X,a) = (-l) d ^[H J] (k 2 - X 2 a )] D m ( £ e <" A P°« a >) (42) 



u>ii/i d(0, m) as in Ji?} ). 

(c) // = II, £/ien A(m; a)</? n ( m ; A, a) extends as a holomorphic function on a£ x AU n by means 
of the formula 



m a /2-l _ 



A(m;aV n (m;A,a) = [j] [] (A; 2 - A 2 )] D m ( £ e **0og«)) . (43) 

ae S+ A:=0 uiGVK 

//, moreover, X £ P, then A(m; a)cp n (m; A, a) extends by Uty as W -invariant entire func- 
tion on A c . 
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Proof. To prove (a), observe first that, since Ce' c (m; A) and c%(m; X)c%{m; —A) are We-invariant, 
we have for all w G W& 

Cq (m; A)cq (m; wA)Cn (m; — u;A) = Cq (m; A)c@ (m; w;A)cg (to; — w;A)ce' C (TO; — wA) 

= c~(m; A)c+(m; A)c+(m; -A)ce' c (m; -A) 

\\ A a ^ee(m;A)(^ J| A Q )e^(m;A) 

aGS+\{e>+ «e<e)+ 

1 



vr(A)e e (m;A)e+(m; A) 



(44) 



Recall from Theorem 13.61 that the function e e (m; A)(/9 e (m; A, a) is entire as a function of (A, a) € 
a* x U @ , where U e denotes a W e -invariant tubular neighborhood of A e in A c . 

The definition of 0-spherical functions, (O and (jHJ) give for all a G A + U and A G a£ \ P 

fe{m; A, a) = Cg (m; A) Cg (m; wA)$(m; u;A, a) 

wEW@ 

= c e (m;X) ^ c+(m;u;A)c+(m;-u»A) J D + (m)e ,i ' A(loga) 



7r(A)e e (m; A)e^(m; A) 



me 



u>A(log a) 



Hence 



e e (m; X)A(m;a)ip e (m;\,a) = ... \ rrAnf > 

7r(X)et(m;X) \ 



,w\(\og a) 



Since D m G C[^4 C ] <8> S(o c ) is VF-invariant, the formula extends by We-invariance to a£ x A @ U. 
Parts (b) and (c) follow from (a) with easy computations. rj 

Corollary 5.2. Let m G M. + be even. Then there exist differential operators G m ,G m G CL4 C ] <8> 
S(o c ) with G m = G m o A and G m W -invariant such that for all (A, a) G x A e U the following 
equality of meromorphic functions of X holds: 



A(m; a)tpe(m; A, a) 



r_i\d(e,m) 

t(A) 



m a /2— 1 



[n n <* 2 -^) 



fc=l 

m a /2— 1 



(-l) d(e ' m " 2) [ II II ^-^)]" GUe(2;A,a 



Q6S+ fc=l 



If m = 2, then G m = id. // 6 = IT, i/ten 



-l 



m a /2— 1 

A(m;a)^ n (m;A,a) = [vr(A) [] [] (A; 2 - A 2 )J ~* G m [ £ ^He" A(1 ° ga 

aes+ fe=l " wew 

m a /2—l 



[ II II (^ 2 - A ')] G- m ^ n (2;A,a), 



lg E+ fc=l 

in which the right hand sides extend as holomorphic functions of (a, A) G AU xaj. If X £ P is fixed, 
then the right-hand sides of the previous equalities extend as holomorphic functions of a G A c . 
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Proof. Set G m := A(m)G+(m — 2; 2)oA(— 1). Then the formulas follow immediately from Theorem 
15.11 Corollary 14.161 and the equalities in the proof of Corollary 14.171 (see also Example 15.41 below) . 

□ 

Example 5.3 (The rank-one case). In the rank-one case the only two possiblities are = and 
G = IT. If = 0, we have a multiple (with a function of A as a constant) of the Harish-Chandra 
series 

1 d xrrx/2 



* (m ;A,,)=2-»>/ 2n(A _ t )(— _) e- (45) 

k=0 

In particular, 



$(2; A, z) = e 



Xz 



A(z) 
If 9 = n, then 

m/2—1 

fu^A = 2 w,-. jj / i *y<* cosh(Az) (46) 

cj(m;p) ^ {X z - k 2 ) Vsmhz dzJ 

is the formula for Harish-Chandra's spherical functions on the Riemannian symmetric spaces 
SOo(l,n)/ SO(n) (with n = m + T), as found by Takahashi (see |Tak63j . Formula (21), p. 326). In 
particular 

9? n (2;A, z) 1 sinh(Az) 
Cn(2;p) A sinhz 

in the rank-one complex case. 

Example 5.4 (The complex case). In this case d(Q,m) = |S + \ (0) + |. Since 

JJ d a e wX(loga) = ( JJ H,«))e' lA(log ' ) = eW( JJ (A, a))e wA(loga) , 

we obtain 

^e(2;A,a) = (-l)l S+ \^ + i-^ £ ^M^ A(l0Sa) - (47) 

*( A ) A ^ ^ e 

In particular, 

4(2;,) 7r(A) A (a) ^ 

gives Harish-Chandra's formula for the spherical functions on Riemannian symmetric spaces with 
a complex structure, and (with Wq := W n ) 

<(2;p )Cno (2;p) .(A) A(a) ^ ^ 
giv es the fo rmula for the spherical functions on NCC symmetric spaces with complex structure as 



m 



FH094 



6. Some remarks on the Paley- Wiener space 

Before proceeding with the the proof of Theorem 11.31 let us add some remarks on the definition 
of the Paley- Wiener space. Let m G A4 + be an even multiplicity function, C II a set of positive 
simple roots, and C a compact, convex and V^e-invariant subset of a e Recall from Definition 11.21 
that the Paley- Wiener space PW e (m;C) is the space of all We-invariant meromorphic functions 
g : — ► C satisfying the following properties: 
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1. The function e e (m; X)g(X) is entire of exponential type C and rapidly decreasing, that is 
for every A'gN there is a constant CV > such that 

|e-(m;A) ff (A)| < C N (1 + |A|)~ N e qc( - Re ^ 

for all A G a^. 

2. The function 

Pe V 5(A) 

extends to an entire function on a£. 

Proposition 6.1. Condition 2 above is automatically satified in the following cases: 

(a) Euclidean case (m = 0, arbitrary); 

(b) Heckman-Odpam case (Q = H, m arbitrary); 

(c) Complex case (m = 2, O arbitrary). 

Proof. In the first two cases we have ee(m;A) = 1, hence all functions in PW e (m;C) are entire. 
In the complex case ee(2; A) = rioGS+\(e>+ Condition 1 in the definition of the Paley- Wiener 
space implies that every g G PW e (m;C) has at most a first order pole along each hyperplane 
X a = 0. The same is then true for P| v (7. But P| v <7 is VK-invariant, so it cannot have first order 
poles on hyperplanes X a = with a G S + . They must be therefore removable singularities, i.e. 
Condition [21 holds . rj 

Remark 6.2. Condition [2] in Definition II . 21 does not follow in general from Condition^ For instance, 
in the rank-one case with m = 4 and the usual identification of a with R, we have ee(4;A) = 
A(A — 1)(A + 1). If h G PW(C), where C is an arbitrary compact interval in (0,+oo), then the 
meromorphic function g(X) = (j^i + j^j) h(X) satisfies the first condition, but not the second when 
a 7^ —b. 

Let I denote the length function on W with respect to the simple reflections with (3 G II. For 
6 C II set 

W e := {w € W : £(wr a ) > £{w) for all a € 6}. (50) 

Then every element w € W can be uniquely written as w = uv with u G W e and v £ W& (see e.g. 
Hu90],p. 19). The element u is characterized as the unique element of smallest length in the coset 
wW@. Hence a set of coset representatives for W e \ W consists of the elements of {u" 1 : u G W e }. 
In particular we obtain 

P| V 5(A) = £ giu-'X). (51) 

uew e 

Lemma 6.3. Let be W @ as in 150\). Then for u, u' G W @ with u ^ u' one has ua @ n u'a 6 = 0. 

Proof. Since W acts simply transitively on the Weyl chambers, there are \W\ Weyl chambers. A 
nonempty intersection of ua e and u'a e would contain at least a Weyl chamber. This is not possible 
since \W\ = \W @ \ \W @ \. n 

The following lemma, which is an easy modification of Lemma 5.13 in |Hel94j . will be applied 
several times in the sequel. 

Lemma 6.4. Let C be a compact convex subset of a = M. 1 , and let g : a£ = C ; — > C belong 
to the Paley-Wiener space PW(C). Suppose q is a polynomial so that h := g/q is entire. Then 
/iGPW(C). 
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:= £ g(wX) 
w£W e \W 



In the following we denote by conv(W(C)) the closed convex hull of the VK-orbit of a subset C 
of a. Moreover, we normalize the Lebesgue measure on ia* so that the inverse transform to J- a is 
given by 



r^g{a) := f g(\)e~ x ^^ dX. 

J ia* 



Proposition 6.5. Let C C a e be compact, convex and W @ -invariant. Suppose g G PW e (m; C). 
Then P| v 5 G PW ( conv(W(C))) W . Moreover, the map P| v : PW e (m; C) -> PW ( conv(W(C))) W 
is linear and infective. 

Proof. The first statement is an immediate consequence of Lemma 16.41 with / := P| v g r and 

m a /2— 1 

<z(A) := n n ( a - - k )- ( 52 ) 

a6E k=-m a /2+l 

Indeed q is ^-invariant and g(A)P| v g(A) = J2weW e \w QWd( w ^)^ w ^ n qW9( w ^) € PW(u>C) for 
all w G W. 

To prove the injectivity of P| v , suppose g G PW e (m;C) satisfies P| v <? = 0. With q as above, 
one has qg G PW(C) lVe , and P| v (^) = gP| v # = 0. Hence for all a G A 



= FZ 1 [P%(qg))(a) 

= I. l(w\)g(w\)e- x ( loea) dX 

weW e \W %a * 

£ [ q(\)g(\)e- X ^ wa U\ 



weW e \W 
wew e \w 

= ^(qg^a). (53) 

By the classical Paley- Wiener theorem 

supp [^^(qg) o-u -1 ] c uexpC C uA Q . 

Lemma lowl and (|53*|) therefore imply T^iqg) = for all u G W e . In particular, Fj^iqg) = 0. 

Thus qg = 0, which proves g = because g is meromorphic. rj 

Corollary 6.6. Let q be as in and let i e : A e A be the inclusion map. Then 

-F A oi o o q ) o P| v = id PWe ( m;C )- 

Proof. As in the proof of Proposition 16.51 we have for g G PW e (m; C) 

L e T A 1 (qF%g) = L F A - 1 ? a J(qg) 

u£W @ 
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7. The 9-spherical transform 

Recall from (J2J) that the O-spherical transform of a sufficiently regular IVe-invariant function 
/ : A e — > C is the We-invariant function J- f(m) on a£ defined by 

F e f(m; A) := -— — ■ / f(a) ip e (m; A, a)A(m; a) da 



\W e \ J Ae 
with A as in (j3J). 

Lemma 7.1. /// € C^Ae)^, i/iera (m; \)F e f(m; A) is a W e -invariant entire function on a£. 

Proof. This follows immediately from Theorem 13.61 rj 

Corollary 7.2. Every function f € C ( ?°(A e ) l/l/e can 6e uniquely extended to a W -invariant function 
fn € C™{A) W . Moreover 

(T n f n ){m-\) = {-l) d{e ' m) £ (fe/)(m; W A) = (-l) d(e ' m »(P^ e /)(m;A), 
where d(Q,m) is as in jl7\ ). 

Proof. Immediate consequence of Lemmas 16.31 and 13.81 r-i 



The inversion formula for the NCC spaces was first proven in 0197 . The general case was 
treated in in Pa02a] (see also |Pa01| K Observing that in the even multiplicity case 

vr(A)e+(m;A) = 1 2 , 
|cJ(m;A)| 

we can state it as follows. 

Theorem 7.3 ( Pa02a , Theorem 4.5; see also PaOl , Theorem 2.4.5). Let m G M. + be an even 
multiplicity function, and let f G C c (A e ) We . Then there is a constant k > (depending only on 
the normalization of the measures) so that for all f € C c (A e ) We the following inversion formula 
holds: For all a € A e 

f(a) = (-l) d ^ m h^ I (f e /)(™;A)^(m;-A 



,W e | | c + (m;A) |2 

(-l)<m,m) k W\ I (J" e /)(m; A)7r(A)e+(m; A)(/? n (m; - A, a) dX 

\ w e\ Jia* 



8. Transforms of compactly supported smooth functions 

In this section we begin the proof of the Paley- Wiener theorem (Theorem I1.3JI by showing that 
the O-spherical transform maps C^°(C) We into the Paley- Wiener space PW e (m;C). The key 
property is the fact that D m = A(m)D + (m) = D_(m)* is a VF-invariant differential operator on 
A with smooth coefficients. 

Theorem 8.1. Let C C A e be compact, convex and W e -invariant. Then the Q-spherical transform 
maps C™{C) W ® injectively into PW e (m;C). 
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Proof. Suppose / G C™(C) W& . Because of Theorem QUI we have 

vr(A)e+(m; X)e&(m; A)JF e /(m; A) = -—— [ f(a) 7r(A)e£(m; \)<p (m; A, a)A(m; a) da 



\Ws\ JA e 



l — [ f(a) V Ane^ 10 ^ da 
)- V / /(a)^(m)*e u ' A ( lo ^)da 
|U £ / [^-(m)/(a)]e A ( lo ^- la )da 
[D_(m)/(a)] e A(loga) da 



A© 

= [^(D_(m)/)](A). 

In the above equalities we have used the fact that D_(m) is a ^-invariant differential operator 
with smooth coefficients on A, which implies that D_{m)f(a) is a We-invariant smooth function 
on A with compact support in exp C C A @ . The classical Paley- Wiener theorem for the Fourier 
transform yields then that 

7r n (m; A)e+(m; A)e~(m; A)J r e /(m; A) 

belongs to PW(C). By Lemma |7,ll the function eo(m; X)J- e f(m; X) is entire and We-invariant. 
It therefore an element of PW(C) M/e by Lemma 16.41 Furthermore, Corollary 17.21 gives P^J-&f = 
(-l) d ( e > m )jF n / n , w hi c h 

is entire again by Lemma 17. 11 This proves that J- @ f(m) G PW e (m;C). 
The injectivity of J- e on C£°(C) e follows from the inversion formula in Theorem 17.31 rj 

9. Wave packets 

Definition 9.1. Let m G A4 + be a fixed even multiplicity function. The wave-packet of g : a£ — > C 
is the function 2g = Xg{m) : A — > C defined by 

/* A 

(Xg)(a) : = g(X)<p n (m; -A, a) — 

A a* Cn(m;A) 

g(A)7r(A)e+(m;A)^ n (m;-A,a) dA, (54) 

provided the integrals converge. In this case, the -wave-packet of g is the function on ^4 e obtained 
by restriction of Zg to A e , that is 

X©g =lgoi e , (55) 

where t e : A @ A is the inclusion map. 

Remark 9.2. Suppose the integrals 1)541) converge for g : A — > C. The W-invariance of f^n^i — A, a) 
in a € A implies that Xg is W-invariant. Furthermore, by W-invariance in the A-variable of 
(/3 n (m; —A, a) and |cj (m; A)| , we have Xg = -r^r XP| v g. 

Lemma 9.3. Let m G A4 + be a fixed even multiplicity function. Let C be a compact convex subset 
of a. Suppose that g : — > C satisfies Tr(X)e^(m; X)g(X) G PW(C). X7ien Xg is a well-defined 
W -invariant smooth function on A. 

In particular, if C is W e -invariant and g G PW e (ra; C), thenl e g is a well-defined W e -invariant 
smooth function on A @ . 
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Proof. The assumption guarantees that for all N G N there is a constant Cn > for which 
|vr(A)e+(m; X)g(X)\ < C N (1 + lA])"^ for all A G ia* . Because of we can therefore differentate 
(foil) under integral sign. rj 

Lemma 9.4. iei C C a e be compact, convex and W e -invariant, and let g G PW e (m;C). Then 
supplg C conv(W(C)). 

Proof. By Bemark EH1 we have Ig = l -^-IP^g with P| v 5 G PW{conv(W(C))) w . Formulas (JUJ) 
and (JM1) give for all /i G PW(conv(W(C))) 14/ and a G A 

A(m; a)(I n h)(a) = / /i(A)7r(A)en (w; X)(p n (m; — A, a) cZA 



i a" 



M)A(loga) ^ 



Jia * w&N 

Dm [ /i(A)e u,A(loga) dX 



w&V Jia * 

= \W\(D m T^h){a). 

The classical Paley- Wiener theorem implies that J-^h, and hence A(m)X n /i, has support in 
coiiv(W(C)). Since I n h is smooth, this implies the claim. rj 

Remark 9.5. An alternative proof of Lemma l9.4( which indeed holds for the O-spherical transform 
corresponding to an arbitrary multiplicity function m G M + , can be obtained via the equality 
Zg = | ^ ZP| v ff and the Paley- Wiener theorem for the Opdam transform (see Theorem I1U.1I 
below). The proof given above requires however only elementary tools. 

10. The case 6 = n 

In the case = n our spherical transform coincides (up to a constant multiple depending on the 
multiplicites and on the normalization of the measures) with the Opdam transform. For the latter 
transform, the following version of the Paley- Wiener theorem was proven for arbitrary m G M + in 
Opd95|. 2 



Theorem 10.1 ( |Upd95| , Theorems 8.6 and 9.13(4); see also |Opd00| , p. 49). Let m G M 



arbitrarily fixed. Let H G a and C(H) := conv (W(H)). Then maps C™(C(H)) W bijectively 

onto PW n (ra;C(ff)) = PW (C(H)^j W . The inverse of J- n is kZ n , where k is the normalizing 
constant appearing in Theorem \ 7. 5\ 

Corollary 10.2. Let m G M + be arbitrary, and let C be a compact, convex and W -invariant subset 
of a. Then maps C£°(C) W bijectively onto PW n (m;C) = PW(C) W . The inverse transform is 
kl n , where k is the normalizing constant appearing in Theorem \ 7. 3\ 

Proof. Since C C C(H) for suitable H G a and T u is bijective with inverse kZ u on C£°(C(H)^ W , 
we only need to show that J- n maps C^°(C) W onto PW(C) W . One can argue as in Theorem 8.6 
(1) of Opd95|, that is using the estimates (|23|) together with the fact that ip n (m;X) satisfies the 
hypergeometric system of differential equations (|14j) . See also Proposition 8.3 in |vdBS97j . 

Conversely, suppose g G PW(C) W . The classical Paley- Wiener theorem ensures that g G 
C£°(C) W . Let e > 0, and let U £ (C) denote the closed e-neighborhood of C. Then we can 



2 For arbitrary multiplicity functions m £ M + , the O-spherical transform is defined by with A(m) := 

nl a —a I m a 

Q eE+| e -e I • 
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find Hi,...,H n G a so that C C U^ =1 C(Hj)° C U £ (C). Here C(H)° denotes the interior 
of C(H). Let {xii - ■ ■ iXn} be a smooth partition of unity associated with the open covering 
{C(i?i)°, . . . , C{H n ) } of C. Hence Xj > with suppxj C C(Hj)° for all j = l,...,n, and 
S"=i = 1 on C- Since T~^g is supported in C, we have 

n n 

i=i j=i 

Therefore 5 = X^j=i ft with 



again by the classical Paley- Wiener theorem. Observe that U £ (C) is compact, convex and W- 
invariant. So, by of Theorem 110.11 Z n g = X)j=i-^nft vanishes on A \ expU e (C). Since e > is 
arbitrary, we thus conclude that suppZ n g C C. rj 

The differential operator D m allows a simple direct proof of Corollary I1U.2I when m £ M + is 
even. 

Proof of Corollaru MU.'A for m G M. + even. Theorem 18.11 implies that J- n maps C^°(C) W injectively 
into PW(C) W . Lemma E31 proves that X n maps PW(C) W into C™(C) W . Finally, to show that T n 
and kZ n are inverses to each other, see the proof of Theorem 11.31 in Section ED rj 

11. The complex case 

Before proceeding with the proof of the surjectivity of J- @ in the general case, let us first treat 
the elementary situation corresponding to the complex case. 

Theorem 11.1. Let Q C H be arbitrary, but suppose m a = 2 for all a G E. Let C C a e be 

compact, convex and W @ -invariant. Then 2 @ maps PW e (2; C) into (C) w& . 

Proof. Because of the definition of Z @ and Lemma 19.31 we only need to prove that supp Ig C 
expW(C). Indeed W(C) Ha e = C. 

Recall from Example El that A(a)ir(-X)(p n (2; -A, a) = Y.weW e(w)e~ wX( - lo ^ a \ Therefore 

A(a)(Zg)(a) = f 5 (A)tt(A) £ e(w)e- x ^-^) dX 
Jia * wew 

= E e H f gW<^e~ X{l ° sw ~ la) dX 

= J>H [^Hg-^ow- 1 ] (a). 

wew 

Since ir(X)g(X) is an entire function of exponential type C and rapidly decreasing, the classical 
Paley- Wiener theorem implies that supp J 7 ^ 1 (g ■ it) C expC. Thus supp A Zg C expH^(C), which 
prove the result since Zg is smooth. rj 

12. Condition A 

The proof of the surjectivity of the O-spherical transform will depend on the following condition 
on the pair (m, 0). 

Condition A. Either 

m a <2 for all a G £+ \ (6) + ; (Ai) 
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or there exists a G II \ G such that 

n \ 6 = {0} and {0, a) > for all a G E + \ (G}+. (A 2 ) 

Remark 12.1. (1) The requirement m a < 2 for all a G X + \ (G} + means that there are at most 
singular A-hyperplanes of the form \ a = with a G E + \ (Q) + . When all m a are equal, 
which happens for instance in the geometric case corresponding to K e symmetric spaces 
with even multiplicities, this requirement is equivalent to one of the following conditions: 

(a) G = n, 

(b) m = (Euclidean case), 

(c) m = 2 (complex case). 

(2) In an irreducible reduced system E there are at most two root lengths. Moreover, if \a\ = \0\, 
then there is w G W with wa = (see e.g. |Bou02j . Proposition 11, p. 164) . By W- 
invariance, multiplicity functions can therefore assume only two values on E. 

Suppose £ admits two root lengths, so £ is of type B[ (I > 2), C/ (/ > 2), F4 or G-i- 
It is then straightforward to verify that for | XT \ Q| = 1 the set £ + \ (Q) + always contains 
two root lengths. The condition m a < 2 for all a G £ + \ (Q) + is therefore equivalent to 
m a < 2 for all a G £ + . We infer that, besides (a), (b) and (c) above, only the two following 
additional cases can occur: 

(d) m a = for all short a G S + and m a = 2 for all long a G S + , 

(e) m a = for all long a G S + and m a = 2 for all short a G S + . 

(3) The dual cone of a e is the VFe-invariant cone 

a * : = {A G a* : \{H) > for all H G a e } = ^ Rja, (56) 

aeE+\(e>+ 

where R^" denotes the set of nonnegative real numbers. Condition A2 requests that must 
not be "too wide" in a* , or equivalently, that a e is "wide enough" in 0. It is always satisfied 
in the following cases: 

(a) £ of rank one; 

(b) E corresponds to a NCC space (not necessarily with even multiplicities) and II \ G = 
{71}, where 71 is the unique simple noncompact root. 

The latter statement depends on the fact that 71 + a is never a root when a is a noncompact 
positive root because (71 + o){Xq) = 2 for Xq as in ©. Thus (71,0) > by |Bou02| . 
Corollary to Theorem 1, p. 162. 

The complete list of the cases in which Condion A2 is satisfied can be obtained using clas- 
sification of the irreducible reduced root systems together with the property that (a, 0) > 
for two non-proportional roots for which a + is not a root (see e.g. Bou02 , Ch. VI, 
Corollary to Theorem 1). For non-exceptional root systems, we get the following list, given 
in the notation of Bou02 , Ch. VI, §4. If S is of type Ai (I > 1), then Condition A2 holds 
for II \ G = {0} for every choice of G II. The same is true for S of type B2 = C2 or D3 
or D4. If E is of type Bi (with / > 2) or C\ (with I > 2) or Di (with / > 4), then Condition 
A2 holds only for II \ G = {af\. Observe, though, that the root system G2 does not satisfy 
Condition A2 for any choice of the simple root 0. 

(4) Condition A is never satisfied by G = when dimo > 1. Hence our Paley- Wiener theorem 
applies to the transform associated with Harish-Chandra series only in the even-multiplicity 
rank-one case. Notice however that the Harish-Chandra series agree with geometrically 
defined spherical functions only in the rank-one case. 

(5) It is important to observe that, as a consequence of (1) and (3) above together with the list in 
Appendixini all pairs (Q, m) corresponding to K £ symmetric spaces with even multiplicities 
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satisfy Condition A. Thus Condition A applies to all geometrical situations in which the 
theory of the O-spherical functions might be relevant. 

In Sections^] and ^2 we have already given direct proofs of the Paley- Wiener theorem for = II 
and in the complex case. The proof in the latter case can be easily modified to apply also to the 
situation in which all multiplicities are either or 2. Indeed, the shift operator D2 to be considered 
in this case is obtained as in Example 14 . 81 with the product over E + replaced by a product over the 
positive roots with multiplicity 2. Thus all cases in which Condition Ai holds can be easily treated 
directly. For the proof of the surjectivity of the G-spherical transform onto the space PW e (m; C) we 
shall therefore restrict ourselves only to the case in which Condition A2 is satisfied. This simplifies 
some technical aspects of the argument. Nevertheless a unified proof for the pairs (9, m) satisfying 
Condition A is possible, and is based on the observation in Corollary 14.141 We shall indicate in 
Remark 1 13. 1M how to proceed in the general case. 

13. Away from the walls of a e 
In the following we assume 9 C II . Set 

C e :={H £a: a{H) = for all a £ 6 and a{H) > for all a € II \ 6} 

= {H £ a : a{H) = for all a £ (6) and a(H) > for all a £ £+ \ (6)+}. (57) 

Then C e is a closed convex subset of a + with dim ( span R C e ) = |n \ 0|. Moreover, o+ = Ue c nC e . 
We refer to |Hu90| . pp. 25-26, for the proof of these statements. The group W e stabilizes C @ . More 
precisely, the following lemma holds. 

Lemma 13.1 ( Hu90 j, Proposition 1.15). The following properties are equivalent for w £ W: 

(a) w £ W @ , 

(b) wC = C e , 

(c) wH = H for all He C e . 

Observe that C n = {0} and C = a + . Let M + denote the set of positive real numbers. If 
|II \ 0| = 1, then C e = M + A°, for some X° G a e - In particular, if E is the root system of a NCC 
symmetric space and = LIo is the set of compact positive simple roots, then C e = M + A°, where 
X° £ a is the cone generating element for the causal structure. Finally, observe from 1)57(1 that 
C© C a e . 

We shall be interested in the closed cones in o e 

C7(r,A°) :=rA° + ae", (58) 

where X° £ C @ and r > 0. 

Lemma 13.2. Let r > and X° £ C e . Then C(r,X ) is a closed W ^-invariant cone in a e . If 
a £ A + \ exp C(r, X°), then there exists (3 £ U \ 9 with /3(log a - rX°) < 0. 

Proof. The first statement follows immediately from Ij58() and Lemma lll-i.il 
Suppose now a £ A + \ exp C(r, X°). Then 

log a — rX° (ji Oe" = {H £ a : a(H) > for all a £ S + \ (9) + } 

Hence, there exists a j3\ £ S + \(9) + with /?i(loga— rX°) < 0. Write j3\ = X^oen\e n a a +J2-yeB 
with > 0. Then (II \ 9)i := {a £ U \ 9 : n a > 0} is nonempty. Set 

f3 2 ■= n a a = (3t - } y n 7 7. 

ae(n\e)i -yee 
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Then 

ft (log a - rX°) = ft (log a - rl°) - ^ n 7 [ 7 (loga) - n(X )} 

= /?i (log a - rl°) - n^(log a) < 0. 

Since n a > for all a £ (II \ 0)i, there must be f3 G (II \ 0)i satisfying /3(loga — rX°) < 0, as 
requested. rj 

Recall the definition of the dual cone a@ of o e from 1)56(1 . Its interior is (cie) = {A G a* : 
A(.ff) > for all H G a e }. 

Lemma 13.3. Suppose |H \ 0| = 1. Then (a* )° / 0. 

Proo/. Since |n\0| = 1 there is X° ^ so that C e = K+X°. We claim that (X°,H) > 
for all H G o e - Indeed, suppose first ii G Oe~. Then there is Hi G a + and w G We so that 
if = will. By Lemma ITXTI and Lemma A in |Kb96j . p. 197, we have {X°,H) = (X°,iTi) > 0. 
Hence C {H G a : if) > 0}, which implies a e C {H G a : if) > 0}. 

Let Ao G a correspond to X° under the identification of a and a* under the inner product, i.e. 
X° = A Xo . Then 0/ Ac G {a* e )° . n 

For an even multiplicity function m G A4 + we set 

o|(m) = {A G a* : X a > m a /2 for all a G S + \ (9)+}. (59) 
The geometrical properties of a%(m) are collected in the following lemma. 

Lemma 13.4. The set cie(m) is closed, convex and W e -invariant. If /x G a|(m) and t > 1, i/ien 
afeo t\x G a*j(m). Furthermore, if | IT \ © | = 1, then a%(m) has non-empty interior. 

Proof. The only property needing some proof is that a%(m) has non-empty interior when |H \ 0| = 
1. Set 

( a |) f := {AGa*: (A, a) > for all a G S + \ (6)+}. 

Then it suffices to show that (a e )^ n (o e )° / 0- Indeed, if this is the case, then there is ^ fi G 
(a* e y n (a* )°. If t > max aeE+ve>+ ^ then i M G (a%)° and (t[i) a = t^>^. 

Recall the notation A\ for the element in o identified with Ago* via the inner product. In 
particular, as in the proof of Lemma 113.31 let A\ = X°. Observe that 

( a * 9 ) t = {A G o* : (A, v) > for all v G o^} 
= {A G a* : A x G (a**) = a e }. 

Thus, because of Lemma Tl3. 31 we conclude M + Ao C (a e )^ ^ ( a e)°- □ 

The set a%(m) is introduced because it is a "large" closed subset of o@ which is "away" from the 
possible singularities of every g G PW e (?n; C). This is made precise by the following lemma. 

Lemma 13.5. Let C C o be compact and convex, and let g : a*. — > C satisfy e^(m; X)g(X) G 
PW(C). Then g is holomorphic on a neighborhood of the convex set ia* — a* @ {m). Furthermore, 
for every N G N ; there is a constant Cn > such that for all A G ia* and [i G -a^m) 

\g(\ + v)\<C N (l + \\\)- N e^\ (60) 
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Proof. The function g is holomorphic on the open set 

ia* - {A G o* : X a > m a /2 - 1 for all a G £+ \ (6)+}. 
To prove the estimate, observe that, if A G ia* and /i G -a^m), then 

m a /2— 1 

e e (m; A + /i)| > J [ ] [ |/ia-*!|>l. 

aGS+\{6)+ fc=-m a /2+l 



Lemma 13.6. Lei C C a e 6e compact, convex and W B -invariant. Assume that g : a£ — > C satisfy 
ee(m;A)£f(A) G PW^C)^. T/ien, /or aM /x G -a*(m) and oei, 

A(m; a) / g(X)<p n (m; -A, a) dA = D m f 5 (A + ^-(A+^loga) dA 



Moreover, for all a G A and w G W, the integral 

g(X + fi)e- w{x+ ^ losa) dX (61) 
is independent of fj, G —0*5(777,). 7/w G W e > i/ten i!67|) is W e -invariant. In particular, 

I g(X + /U ) e -«'(A+M)(loga) dA = f g ( X + M ) e -(A+ M )(loga) dA 
J ia* J ia* 



Proof. Recall formula (|42jl for the function ip n . Since 

g(X)(f n (m; -A, a) |c+(m; A)| 2 = 5f(A)7r(A)e+(m; A)<£ n (m; -A, a) 
is entire and rapidly decreasing, we can apply Cauchy's theorem and get for all fi G — a%(m) 

A(m;a) / g(X)ip u (m; —A, a) 



i a* 



A(m;a) / g(X + h)tt(X + fj.)e^ (m; X + /x)y3 n (m; — A — /j, a) dX 

' ia* 



Jia * wew 



-i«(A+/i)(loga) ^ A 



D m / g(X + M ) e -«(A+M)(ioga) dA _ 

..^ti/ ./ia* 



The last equality is justified by the fact that D m is a differenital operator with smooth coefficients 
on A and by Lemma llcS.5l 
Set 

F w (a,n) := I g{X + n)e- w{x+ ^ {Xo ^ dX . 
J ia* 

It is independent of fj, G —a%(m) by Cauchy's theorem, since its integrand is holomorphic in a 
simply connected open neighborhood of ia* — a|(m) on which an estimate of the form (|6U|) holds. 
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For w, v G W e 

F w (va,fi)= I g{X + fi)e- v ' lw{x+ ^ (loga) dX 



g(w- 1 vwX + v)e- (wX+v dX 
= ! g(X + w- 1 v- 1 wn)e- {wX+v ~ lw > l)iloga) dX (by We-invariance of g) 

J ia* 

= F w (a, w~ 1 v~ l w[i) 

= F w (a,fj.) (because w~~ 1 v~ 1 w/i G —a (m)). 
Since F w (a, /i) = F e (u> _1 a, /i), it follows in particular that F w (a,fi) = F e (a,/j,) for w G W e . rj 

The possibility of separating points in a e from points outside o e is guaranteed by the following 
lemma. Recall from (|5U|) the definition of W e and length function £. 

Lemma 13.7. // u G W @ \ {e}, then there is (5 G II \ G with u(3 G -£+. 

Proof. If u 7^ e, then £(u) > 1. Since £(u) represents the number of elements in S + mapped by u 
into — X + , there must be /3 G II so that G — S + . But this implies l(urp) < £(u) (see e.g. [Hu90 , 
Lemma 1.6). Thus u(3 ^ (G) because of the definition of W e . rj 

In the following we assume that Q satisfies Condition A2. This assumption is crucial because 
it will allow us either to separate points in a e from point outside it, or to move the contour of 
integration without encountering singular hyperplanes. 

Lemma 13.8. Suppose that Condition A2 is satisfied by Q, and let /3 G II\G. If hq G a* @ {m), then 
t(3 + hq G a|(m) for all t > 0. 

Proof. Since a* @ is a closed cone, the assumption (3, fj,Q G a| implies i/3 + fio G a| for all t > 0. 
Consider now a G S + \ (G} + . Then, assuming Condition A2, we have 

(t(3 + fj, ) a = t/3 a + (^o)a > m a /2. 

□ 

Lemma 13.9. Suppose Condition A2 is satisfied. Let a G A + , [i G — a* e {m), u> ^ W e , and let 
5 : a* -> C safe/y ee(m; A)g(A) G PW^C) 1 ^. T/ien 

a(A + ^e-^+^sa) dX = (62) 

Proof. Write w = uv with t; G W e and w G W e . If w ^ W & , then «/e. By Lemma 113.71 there 
is /9 G II \ Q so that (3u G Let [i G 0* (m). Then t/3 + fi G a|(m) for all t > 1 by Lemma 

113.81 Set fit := —(t/3 + ^o)- By We-invariance of g and a|(m), and since (|61j) is independent of 
^, G — a|(m), we have 

? (A + M ) e -^(A+M)(loga) dA = I" 5 ( A + Mt ) e -™(A+M*)(loga) dA 

5 (vA + u/it ) e -«(^+^)(loga) dX 

g(X + vvt)e- uiX+v ^ ){loga) dX 
5 (A + ^)e-" (A+ ^ )(loga) dA. 



to" 
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Consider the last integral. By Lemma 113.51 we have for all N G N: 

b(A + ih)\ < CV(1 + \X\)- N e qc ^ = C N e qc{ --^\\ + \X\)~ N e tqc( -~^ 
with qc{—fi) < because j3 G II \ Q and C C a @ . Moreover 



e -u(A+/^ t )(log a) 



e u/io (log a) e tu/3(log a) 



with uj3{\oga) < because uj3 G — S + and a G A + . The result then follows by taking the limit 
t — > +oo. □ 

Theorem 13.10. Suppose that Condition A2 is satisfied. Let C C a e be compact and convex, and 
let g : a£ — > C satisfy eQ{m\ X)g(X) G PW(C) m/q . Suppose furthermore that /u G — Oq(to). T/ien /or 
a// a G A e 

A(m;a) / a(A)v? n (m; -A, a) — — = |W e | An / g(X + M ) e -(*+M)0«*«0 dX . (63) 
Jia* Cn(?n;A) 



Proof. Let a G A + . By Lemmas 113.61 and 113.91 

A(m; a) / 5 (A)¥> n (m; -A, a) dX = ^ An / 5 (A + ^-(A+^Xioga) dA 
^ia* |cJ(m;A)| wevy Aa* 

= J2 D ™ f 9{X + v)e- w{x+ ^ loga) dX 

= I We I An / 5(A + ^) e -( A +^( lo s a ) dX . 
J ia* 

Both sides of (|63ft are V^e-invariant and continuous. Hence they agree on the entire A e . rj 

As an immediate consequence we obtain an alternative expression for the inversion formula for 
the G-spherical transform. It is a modification by the differential operator An of the inversion 
formula for the Euclidean Fourier transform. 

Corollary 13.11. Suppose that Condition A2 is satisfied. Let f G C^°(C) W@ . Then for all a G A @ 
and \i G — a^m). 

A(m;a)/(a) = (-\) d ^' m h \W\ 2 An / (^ e /)(m; A + /i) e - (A+ ^ )(loga) dX, (64) 

J ia* 

where k is the normalizing constant in Theorem \ 7. °J\ and d(Q,m) is as in jl7[ ). 

Proof. Immediate from Theorems 17.31 and 113. lOl rj 

Recall the notation C(r, A ) = rX° + c% from (j5g|). 

Lemma 13.12. Suppose Condition A2 is satisfied. Let r > and X° G C e . Let C C o e be 

compact and convex, and let g : — » C satisfy ee(m; X)g(X) G PW(C) We . Assume furthermore 
that C C C(r, A ) . Then suppT© 5 cC(r,X°). 

Proof. Let a G A + \ exp C(r, A ), and let f3 G II \ G be as in Lemma ll3.2l For a fixed fio G dg(m) 
and t > 1 we set fit '■= —(tP + Mo)- As in Lemma 113.91 we have fit G — a|(m) and, for all N G N, 
|#(A + /it) I e -( A +Mt)(ioga) < Cive ?c(-Mo) e Mi°g a )(i + |^|)-JV e «go(-/9) e ^(iogo) i 

Notice that C C C(r, A ) implies C = rX° + C", where C := C — rX° C a© is compact, convex, 
IVe-invariant. Hence 

qc(-P) = sup [-/?(#)] = -0(rX°) + sup [—/3(H)] = -(3(rX°) + q C '(-P) 

H&C HeC 
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with qc(-P) < because /3 G II \ 9. Thus 

\g(X + nt)\ e -( A +^)(iog«) < Cive" ^ 1080 ^! + |A[)- Jv e * /3(losa - rX ° ) , 

which converges to as t — > +oo by Lemma 113.21 Together with Theorem 113.101 this proves that 
for a G A + \ expC(r, X°) we have A(m; a)(Ig)(a) = 0. Since Ig is We-invariant and smooth 
on A by Lemma 19.31 we conclude that Tg{a) = for a £ 4 \ ^wew exp u>(C(r, X )) = A \ 
U ugl/ j/e exp ti(C(r, X )) . Because of Lemma 1531 the sets u(C(r, X )) are pairwise disjoint. Thus 
suppled C C(r,X°). □ 

Remark 13.13. One could use Corollary 14.171 and replace the set a@(m) with 

{A G a* : A Q > m a /2 for all a G £+ \ (6) + with m a > 2}. 

This would allows us a proof of the previous lemmas which applies also to the complex case (which 
generally does not satisfy condition j4 2 ). 

The results obtained so far in this section apply in particular to every element g G PW e (m; C), 
but the additional condition that P| v g extends to be entire on aj£ has been not used. This condition 
is needed in the proof of the Paley- Wiener theorem to apply Lemma 113.121 in particular to know 
that 2 @ g has compact support. 

At this point we can already prove that T e maps PW e (m;C) into C^°(C) We , but only for a 
special class of compact convex and We-invariant exausting subsets C of a e . 

Recall for H G a the notation C{H) := conv(W(H)). 

Corollary 13.14. Let C C o e be a compact, convex and W @ -invariant subset of the form C = 
C(r, X°) n C(H) with r > 0, X° G C© and H G a. Suppose g G PW e (m; C). Assume Condition A 2 
is satisfied. Then suppl e g C exp C . 

Proof. Lemmas 19.31 and 113.121 ensure that X @ g is smooth and compactly supported inside C(H). 
Moreover, Lemma fl 3 . 1 21 guarantees that supp2" e C C(r,X°). rj 

14. Support properties 

By means of Condition A2 we could prove in Section ^] that X e g is compactly supported inside 
A e for every g G PW e (?rt; C), where C is an arbitrary co mpact co nvex and We-invariant subset of 
o e - In this section we apply a support theorem proven in [OP03 to show that the support of T B g 
is indeed contained in exp C. 

Recall the VF-invariant polynomial q introduced in (|52[). It satisfies q(—\) = q(X) for all A G a£, 
and qg G PW(C) W& for all g G PW e (m;C). Since q G S(a c ) w/ , we can consider the corresponding 
operator D(m;q) G B(a, S,m), that is 

(m„/2-l \ 
H H (T(m;H a /2)-k)\ (65) 
aGE k=-m a /2+l J 

(see Definition O and JTUJ)). Hence 

D(m; q)ip e (m; A, a) = q(\)(p @ (m; A, a) (66) 
for all a G A + and all G C IT. Moreover, there is k G N such that 

D q := A k D(m; q) (67) 



is a IF-invariant differential operator on A with analytic coefficients. 
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Lemma 14.1. Suppose g G PW e (m, C). Then, for all a G A e , 

D q (l e g)(a) = | W e | A(A; - m; aJA^^M (68) 
twtt A(fc - m; a) J D m ^ 1 (gg) G C C °°(C). 

Proof. Because of (|66[) and Theorem 113. 101 for all a € A we have 

c2A 



A{m;a)D q {l e g)(a) = A(m;a)A k (a) / g(A)g(A)<£ n (ra; -A, a) — ^ 

Jia* (?7i; — A) 

= \W e \ A k (a)D m f q(X + /x)g(A + M ) e -(*+A00«*«0 dX , 

J ia* 

Since G PW(C), we can shift the contour of integration and obtain 

A(m;a)D q (l e g)(a) = \W e \A k (a)D m f q(X)g(X)e' x ^^ dX 

J ia* 

= \W e \A k {a)D m T A \qg)(a). (69) 

The classical Paley- Wiener theorem guarantees that supp !F& (Qd) C C. Since D q (l & g) is smooth, 
we conclude that A(m;a) must divide the right-hand side of (|69|) , Thus 

A(m - k)D m T A (qg) = -^fcT^ 

is smooth and supported in C. This proves the lemma. rj 

Lemma Il4. II shows that D q (l e g^ is supported inside expC We can therefore conclude that I e 
maps PW @ (m; C) to C^°(C) W@ if we prove that the support of I®g is contained in exp C when the 
support of D q (2 @ g) is in exp C. This is guaranteed by the following proposition, which depends on 
the particular form of the principal symbol of the differential operator D q . 

Proposition 14.2. Let D q be the differential operator from \67\) . Then 

supp fC exp C supp D q f C exp C 

for every f G C^°(A) W& and for every compact, convex and W e -invariant subset C C a e with 
nonempty interior. 

Proof. The implication of suppZA,/ C expC from supp/ C expC is obvious. The converse 

I - ' 1 

inclusion follows from Theorem 1.2 in OP03 . Indeed, the highest homogeneous part of q(X) is 



and Formula (|65|) implies that the highest homogeneous part of D(m; q) is 

The principal symbol of D q at (H, A) G o x a* is therefore 

a(D q )(H,X) = & k (H)l[X^-\ (70) 

□ 

Theorem 14.3. Suppose G satisfies Condition A2. Let C C o e be an arbitrary compact, convex 
and W e -invariant subset. Then suppX e 5 C C for all g G PW e (ra; C). 

Proof. Immediate consequence of Lemma 114. II and Proposition 114.21 rj 
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15. Conclusion of the proof of the Paley- Wiener theorem 



Conclusion of the proof of Theorem M.'JX Because of Theorems 18, II and 114. 31 we only need to prove 
that JF Q : C™(C) W ° -» PW e (m; C) and l e : PW e (m; C) -► C~(C) We are (up to a fixed constant 
depending on and m) inverse to each other. 

Let g G PW e (m; C). We have then proven that T^X^g G PW 6 (ra; C). Observe that 2ng = Zg is 
the VF-invariant extension of X e g to A. Corollaries 17. 21 and 111), 21 together with Remark 19 . 21 therefore 
yield 

{P a JT e X e g)(m;X) = (-1)^) (T n X n g) (m; A) = _J_p|v^ m; A)j 
where we have set 

fc(e,m) :=(-l)^) fc r^. 
The injectivity of P| v from Proposition 16.51 gives then 

FqI&9 = ttft — 7 9 
fc(fc), m) 

for all g G PW 6 (ra; C). Conversely, the inversion formula of Theorem 17.31 yields 

k(e,m)l e T e f = f 

for / € C£°(C) B . This concludes the proof of Theorem 11.31 q 

Appendix A. Estimates for the Harish-Chandra series 

In this appendix we prove estimates for the derivatives of the Harish-Chandra series in the 
spectral parameter. As a corollary, they will provide a proof for Lemma 14.131 In the case when no 
differentiation occurs, these estimates have been proven in |Pa02aj . The general case follows by a 
straightforward modification of the arguments from the special case. We therefore only outline the 
proof and refer the reader to Section 4 in Pa02a] for the details. 

In the following we adopt the notation of Sections El and but we allow S to be an arbitrary 
(not necessarily reduced) root system. We also assume that m a = is equivalent to a ^ S. As in 
Section we denote by (Ai, . . . , A;) the complex coordinates in a£ associated with an orthonormal 
basis (£i, . . . , £j) of a*. Moreover, if I = (ii, . . . , n) G Nq is a multi-index and H G a c , we set 

em ■.= (&(fo)* i ...(fc(fl)r. 

The product rule for the derivation is then given by 

d{{fg)= £ j^y( 9 A J /)(^). 

J+K=I 

Lemma A.l. Suppose I = (t\, . . . ,n), p G S(a c ), m G N, A G a£ and a £ A. 

(a) ^e A ( loga ) =e 7 (loga)e A ( losa ). 

(b) Let a be a meromorphic function on a domain D C a£. Suppose p{\)a{\) is holomorphic 
on D. Then also 

p(\f\ +1 d{a(X) 

is holomorphic in D. 

□ 

Estimates for the Harish-Chandra series and its derivatives will be obtained as in |Can71j and 
|Pa02aj using the modified Harish-Chandra series 

*(m; A, a) := A (m/2; a) $(m; A, a) 
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with A(m) defined by @- In particular, for every multi-index /, we have 

d{V(m; A, a) := A (m/2; a) d{<S>{m; A, a). (71) 

For S > 0, set a+(5) := {i? € o : a^iT) > S for all j = 1, . . . ,1} and A+(S) := expa+(5). 
Suppose A £ a£ satisfies (//,// — 2A) 7^ for all fi £ 2A \ {0}. Then, on A 4 ", we have the series 
expansions ((T3|) and 

A (m/2; a) = e ^ m )( lo s a ) J| ( X " e- 2a(loga) ) ma/2 = e p(m)(loga) ^ & M (m) e -^ loga ) (72) 

with 60 ( m ) = 1- The Cauchy product of ()72|) and ()15j) yields the series expansion 

tf(m;A,a) = e A(loga) ^ a M (m; A) e -^ (loga) , a £ A+ (73) 

with 

a M (m;A):= b v (m)T v (m; A) (74) 

and ao(?Ti; A) = 1. The series converges absolutely in A + and uniformly in A + (S). 
The coefficients o^(m;A) satisfy the recursion relations 

o JU (m;A)(^-2A,/i) = ^ m a (2-m ft -2m 2a )(a,a) ^ k<fy_ 2 fc a (m; A) (75) 

for jit G 2A\ {0}, with initial condition ao(?ri; A) = 1. See equation (37) in I Pa 02aj . It follows in 
particular that for ju G 2A\ {0} each coefficient a^m; A) is a rational function of A G a£ with at 
most simple poles along the hyperplanes 

H v :={AGo*:(r ? -2A,r ? )=0} 

for some n £ 2A \ {0} with 77 < \i. 

In the following will always denote a finite positive real number. We define 

a*(R) ■= {A £ a* : Re(A, a) < R for all a £ £+}, (76) 
:= {q £ 2A \ {0} : fl a*(2i?) + 0}, (77) 

:= II (V-^V)- (78) 

By Lemma 4.4 in |Pa02a| . the set X R is finite, and there is to > such that X R = for < R < to. 
We convene that p R (X) = 1 when X R = % and denote by degp R the degree of the polynomial p R . 

Lemma A. 2. Let R,S>0 be arbitrarily fixed. Then the series 

p R (X) Y, a^m-X)e-^ a) (79) 

/x£2A 

converges uniformly in (A, a) £ V x A + (S')T, where V is any open subset with compact closure 
V C a^(2R). Consequently, 

p R (\)*(m;\,a)=p R (\)e x ^ £ a„(m; A)e^ loga ) 

/i(=2A 

and, /or every multi-index I, 

p fl (A)l J l +1 5|*(m;A,a) 

are holomorphic functions of (A, a) £ o^(2i?) x A + (£)i7, where U C T is a neighborhood of e on 
which e A( - loga - ) is holomorphic for all A £ a£. 
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Proof. The first part of the lemma depends on the fact that p R (X)T^(m; A) is holomorphic in 
a^.(2R) for all r] £ 2A, together with (|74|) and an easy modification of Lemma 2.1 in |Opd88b . The 
final statement follows from Lemma lA.llfb)) . rj 



Because of Lemma lA.21 the series (|T3*)) converges uniformly on compact subsets of ^oJj\ (U Atg2 A\{o} 
T~i[i)^J x A + U. Termwise differentiation and Lemma lA.UfcEj) yield there 

d{®(m;X,a) = ^ d{ (e A(loga) a^K A)) e^ (loga) 

= e A(ioga)^ JLj J (\oga)d^a,(m;X)e-^ a l (80) 

fi£2A J+K=I 

Finding estimates for d^(m; A, a) on A + is therefore reduced to estimating the d^a^(m; A). 

Lemma A. 3. Suppose R > and /i € 2A. T/ien i/ie following holds for every multi-index I . 
(a) p^ +1 (X)d^a^(m; A) is holomorphic in A € 0^(2/2); 



(b) For a// v < \x, the function — — : A - — - — is holomorphic in A € a£(2i?). 



Pfl( A)l / l +1 5{a i /(m ; A) 

Proof. This follows from Lemma 4.5 in Pa02a| and Lemma lA.H|bl) . rj 

Let e,- € Nq denote the multi- index with all coordinates zero except for the j-th. equal to 1. 
Differentiation of ()75j) yields for multi-indices / = (ii, . . . , i{) ^ the recursion relations 

I— a 



(fi - 2X,n)d{a IM (m; A) = 2 ^ (^■,/x)i j (9 A Ej a M (m;A) 



je{i,...,J} 



+ m a (2 - m a - 2m 2a )(tt,a) ^a / ,_ 2 fc a (m; A) (81) 



OGS+ fc6N 

/i-2fcae2A 

for ^ € 2A \ {0}, with initial condition d^ao(m; A) = 0. 

The procedure for estimating the derivatives c^a M (m; A) is based, as in the case / = of |Pa02a , 
on the comparison of the recursion relations (|81|) with the recursion relations satisfied by the 
coefficients d^^m; c) of the series expansion of the function 

A c (m) := e cp{m) A(-cm/2) = (l - e -2ap"W 2 ? ( 82 ) 

where c £ [0, 1) will be suitably chosen. 

Lemma A. 4. Suppose m € A1 + and c € M. 

(a) ( |Pa02aj . Lemma 4.8) T/ie function A c (m) defined in admits the series expansion 

Ac(ro) = ^ d M (m;c)e-^ (83) 
fte2A 

which converges absolutely in A + and uniformly in A + (S) for all S > 0. VFe /lawe do(m; c) = 
1, an<i ; if we assume c € (0, oo), then d^(m; c) > for all E 2A. 
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(b) f |Pa02a| . Lemma 4.10) Suppose H G a and c G [0, oo). Then the coefficients d^m; c) of the 
series h8'J\) satisfy the recurrence relations 



«//,/i> +//(fl'))d Al (m;c) = 



fcGN 
/i-2fcaG2A 



2cm a 



a(H) 



c(p(m),a) + 



+ kcm a (cm a + 2cmi a + 2) (a, a) d (U -2fea( m i c ) (84) 

/or G 2A \ {0}, and do(m; c) = 1. rj 

The constant c is chosen according to the following lemma. 

Lemma A. 5. ( Pa02a j , Lemma 4.11) There exist constants < c < 1 and r > 1 snc/i £/iat t/ie 
inequality 

c(cm a + 2cm2a + 2) > r |m a + 2m2 a — 2| 
ZioWs /or all a G S + . rj 

Remark A. 6. Assume, as above, that m Q > for ainY,. Then the system of inequalities in Lemma 
IA.5I admits the solution c = if and only if E is reduced and m a = 2 for all a G S + . 

Let c G [0, 1) obtained according to Lemma lA.5l for some r > 1. The comparison of the recursion 
relations (|%Tj) and (|51)) is possible for a choice of i7 G a so that a(H) > max{2c(p(m), a), 0} for all 
a G S + . This condition ensures that [i{H) > for all /x G 2A and that the first summands on the 
right-hand side of (|84j) are nonnegative. 

Arguments similar to those in Lemmas 4.7, 4.14 and 4.16 in |Pa02aj . applied to the recursion 
relations (j%Tj) inductively on |J[, lead to the required estimates for the derivatives d^a^m; n) and 
hence to estimates for d^(m; A, a) and c^<3?(m; A, a). 



Lemma A. 7. Suppose m G A4 . Let R > and /ei p fl 6e i/ie polynomial defined in {7<$p , Suppose 
c G [0,1) is chosen as in Lemma \A . .51 for some r > 1. Then, for every multi-index I, £/iere is a 
constant Kr cm />0 snc/i i/iai 



p H (A)l / l +1 aia M (m; A) < KR^d^m; c)(l + |A|) 



(|/|+l)degp H 



for all A G aj(i?) and all /i G 2A. 



Theorem A. 8. Let m G A4 + , i7 > and let I be a multi-index. Let p R denote the polynomial 
defined in j7#| ). Then there exist c G [0,1) (depending only on the multiplicity function m) and 
CR iC ,m,i > such that 

p R (X) ilIl+1) d{^(m;\,a)\<C R>C:m jA(m-,ar c /\l + \loga\^ 

(85) 

and 

p fl (A) (|/|+1) A(m;a) (c+1)/2 ai$(m;A,a) < C/ ? , c , m ,/(l+|loga|) |/| (l+|A|) (|/|+1)desPfl e (c ' ,(m)+ReA)(loga) 

(86) 

for all a G A + and A G a*(R). 

There is uj > so t/iai we can choose p R = 1 /or < i7 < u;. 7n t/iis case, 



A(m;a)( c+1 )/ 2 <9f$(m;A,a) < Cfl iC , m ,/(l + |log a \) W e Mm)+Rc A)(loga) 
/or a// a G A+ and A G aj;(7?). 



(87) 
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Proof. Notice first that for J < I 

|e J (loga)| < |loga| |J| < (1 + |loga|) 171 . 

Hence, because 

of dS3l, © and Lemma lA~7l 

/"(log a) 



e 



p R (Xp +1 d{^(m;X,a)\=e ReX ^ E j^i \^( l ^ a )\ k(A) |I|+1 3f a„(m; A) 

/xe2A J+K=I 

< C R ^ mJ Y ^(m;c)e-^ loga )(l + |loga|)l J l(l + |A|)(l / l+ 1 ) de s*>« e ReA ( loga ) 

/te2A 

< C RiCtm>I A c (m;a)(l + |loga|)l J l(l + |A|)(M+i)«^*e ReA ( I< * a ). 

The first inequality therefore follows from (|82|) . The last statement is a consequence of (j71|) and of 
the remark after (|7H]l. rj 



Lemma 14.131 is a special case of the following corollary to Theorem I A, 81 

Corollary A. 9. Let m £ M + and let lo be as in Theorem \A.fl For every fixed A £ and every 

multi-index I the function A(m; a)d^(m; A, a) extends continuously on A + by setting it equal to 
zero on the boundary d(A + ) of A + . rj 

Appendix B. Proof of Corollary 14. 161 

The ring C[j4c] is an integral domain and a UFD (see e.g. [fjou02] . Ch. VI, §3, Lemma l(i)). 
This in particular implies that irreducible and prime elements in CL4 C ] coincide and that every 
finite set of elements of C[j4 c ] possesses a greatest common divisor. 

Lemma B.l. Let £ be a reduced root system in a* , and let A = A(l) denote the Weyl denominator. 

(a) For every a £ S + the elements 1 + e~ 2a and 1 — e~ 2a are relatively prime in C[A C ]. 

(b) n a e£+ 9(A a )(A) £ CL4 C ], and Y\aez+ ®(Aa)(A) and 1 — e~ 2/3 are relatively prime for all 
Q £ >: ' . 

Proof. Suppose u £ C[j4 c ] divides 1 + e~ 2a and 1 — e~ 2a . Then there are f,g £ CL4 C ] so that 
1 + e ~ 2a = fu and 1 - e~ 2a = gu. Thus 2 = (1 + e~ 2a ) + (1 - e~ 2a ) = (/ + g)u, which implies that 
u is a unit in CL4 C ]. This proves (a). 

For (b), let Pi, . . . , (3 n be an enumeration of S + , and set Aj = Ap. for j = 1, . . . , n. Then 

d(A j )(A) = e^ E(/ 3 i»«)( 1 + e_2a ) II (I ~ e~ 2r ) e C[A C ]. 

aGS+ 7GS+\{o} 

Hence n a GS+ d(A a )(A) £ CL4 C ]> and more precisely, we have 

n 

J] d(A a )(A) = Hd(A 3 )(A) 

a€S+ j=l 

n n 

= e^HY J (P 3 ,^)(l + e- 2 ^) II (1-e- 2 ^) 

j=lk j= l 7 fc ,GE+\{/3 fei } 



n n n 

enp(2) E---E W[^h 3 ){i+e- 2 ^) n a-^ 



fel=l fc„=l j=l 7fc j eE+\{/3 fcj } 
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Let j3 G S + be fixed. The only summand in which 1 — e 2/3 does not appear as a factor corresponds 
to Pk-i = • • • = Pk n = P- Collecting the remaining terms together, we get for some fp G C[j4 c ] 

n 

J] d{A a ){^) = {l-e-^)f p + e n ^{\{{P v P)){l + e-^T J{ (l-e^)". 

76S+\{/3} 



3=1 



By Lemma EUT] and Part (a), the elements 1 — e 2/3 and (1 + e 2/3 ) n ri 7 GE+\{/3}(l ~~ e 27 )™ are 
relatively prime. Thus also 1 — e -2 ^ and riags+ d(A a )(A) must be relatively prime. rj 

Lemma B.2. Lei a; G C[A C ], and suppose A does no£ divide uj in CL4 C ]. TTien A does no£ divide 
u>Y[ a ^ + d{A a ){A) inC[A c ]. 

Proof. We prove that, if A divides uj Y\ a&Tl + d(A a )(A) in CL4 C ], then A must divide u. Let 
u G CL4 C ] be a prime dividing A = e p ^ Y[f3eT.+ (^-~ e_2 ^)- Then n divides 1 — e -2 ^ for some P G S + . 
Since 1 — e~ 2 @ and n a gs+ d(A a )(A) are relatively prime, so are also u and n a es+ d(A a )(A). But 
we are assuming that A, hence u, divides uj n a gs+ 9(A a )(A). So u divides u. Since C[Ac] is a 
UFD and u is an arbitrary prime dividing A, we conclude that A divides uj. rj 

Lemma B.3. Let A k ^2jUJi <8> d T a be the representation of an element of C[A C ] ® S(a c ) wii/i ujj G 
CL4 C ] and fc G Z maximal. If k G — N, i/ien i/ie differential operator 

J] a(40(A))o(A*5>,®3[ 

aS£+ / 

/tas singular coefficients on Ac- 
Proof. As in the proof of Lemma IB. II (b). let us write n a ei) + ^C^a) = 11^=1 ^(A?)- We first prove 
by induction on h < n that 



h h 
\\ d{Aj) o A fe w 7 = Jb(jfc - 1) • • • (k - h + 1) A k - h Yl 9{Aj)(A) 

3=1 3=1 



Vl,h+ ^2 u} J(I,h)® d ( A J(I,h)) 

J(I,h) 



with uj Ith ,u J(Iih) G CL4 C ], and where d(A J{I)h) ) := • • • d{A h )^ if J(I,h) = (ji,...,j h )- 

Indeed, for h = 1 we have 

o A fc u;, = jfeA^^^iJfAJwj + A fc [d(Ai)(u;j) + wj ® . 

Suppose inductively that (|55)) holds for /i. Then 



h+l 



Yl d{Aj) o A k ujj = 8{A h+l ) k{k — l)---(k — h+ l)A k ~ h J] d(Aj)(A) 



OJJ 



3=1 



3=1 



+ d(A h+1 ) [A*-^ 1 ^^ + A k - h+1 "J(i,h) ® 9(^ J(/ , h) ) 
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h+l 



k(k - 1) • • • (jfe - h + l)(jfe - /i) A^- 1 Yl d(Aj)(A) 



j=i 



+ k (k - 1) • • • (k - h + 1) A*- ft 0(A ft+1 ) [ [J S(A+i)(A) 



i=i 



+ (k - h + 1) A fc - ft 3(^ +1 )(A) u; 7)/l + A fc - ft+1 d(A+i)K 
+ (fc - /» + 1) A k - h d(A h+1 )(A) £ Wj(J>h) ® 9(A J(/i/l) ) 

+ A fc-A+i ^ S(A ft+1 )(A) Wj(M) ®S(A J(Jih) ) 

+ a *-a+i £ u J{m ®d(A h+1 )d(Aj im ) 
j(i,h) 

h+l 

k(k -!)■■■ (k - h) A^- 1 Yl d(Aj)(A) Uj 



+ A 



k-h 



3=1 

^>I,h+l + ^2 U J (I, h+l) ® d ( A J(I,h+l)] 
J {I, h+l) 



where 



n 

u Iih+1 := k(k -!)■■■ (k — h + l) A k ~ h d{A h+1 ) [ ]J d(A h+1 )(A)u! 



3=1 



+ (k-h + l)A k ~ h d(A h+1 )(A) ur h + A fc - ft+i d(A h+1 )(ur h ) G C[Ac] 



k-h+l 



and 



Yl u J(I,h+l) ® d ( A J(l,h+l)) ■= (k-h + l)d{A h+1 )(A) u J(l,h) ® 0(4/(J,fc)) 
J(J,h+l) J(i» 

+ A ^ d(A h+1 )(A)u J{Ith) ®d(Aj [I>h) ) 
j(i,h) 

+ A^ uj(i,h) ® S(^ ft+1 )5(^ J(Jift) ) e CL4 C ] ® S(oc). 
j(/,ft) 

Since /c is maximal, there is a multiindex Jo such that A does not divide ujj q . Equation (|88|) for 
h = n shows that the coefficient of in n a gs+ d{A a )(A) o A fc a>/ ® d[ is equal to the sum of 

k(k - 1) • • • (k - n + l)A fc " n J] d(A a )(A) u Io + A fc - n+1 a; /0 , n 

and of those coefficients of A fc_n+1 J2i^i Sj(/n) w J(/,n) ® ^(A/(.r,n))^o coming from the terms in 
9(Aj(j n ))c^ which are equal to d^°. Consequently, the coefficient of d~° is of the form 

k(k - 1) • • • (k - n + l)A fc ~ n H d(A a )(A)co Io + A k - n+1 a 

with (To G CL4 C ]. By Lemma fB,2l A does not divide n«eE+ 9(A a )uJi . Thus the singularity of 
A fc-n ( w jth A; — n < 0) is neither cancelled by n«eE+ @( A a) ^io nor by A fc ~ n+1 o"o (in which a 
singularity of lower order appears). rj 
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Proof of Corollary \Jlb] Set G := A(m)G + (m - 2; 2) o A(-l). Using the definition of D m in (1321) 
together with Q29|) and Example 14.81 we obtain 

A(m)D m = A(m)D + (m) 

= A(m)G + {m - 2; 2) o Z>+(2) 

= A(m)G+(m-2;2) oSA" 1 ]J 9(A a ) 

=?(go n d(A*))- 

Hence 

(A(m)D ra )'=5(-l)l s+ l [] a(4)oG* 
= a J] 9(A a ) o G*. 

By Theorem |4~TU1 A(m)D m , and hence (A(m)Z) m )*, belongs to C[A c ]®S(d c ). Since G G C A [A:]® 
S(o c ), so does G*. Thus G* = A z^i^l ® with a;/ G C[.A C ] and G Z maximal. Since 
A; G — N would imply (A(m)Z) m )* ^ CLA C ] <g> S(a c ) by Lemma fB. 31 we conclude that k G No, i.e. 
G* G C[Ac] <g> S(o c ). Thus G G C[^ c ] ® S(dc). □ 

Appendix C. ^-symmetric spaces with even multiplicities 

In this appendix we report the infinitesimal classification of if £ -symmetric spaces with even 
multiplicities by listing the ^-symmetric pairs (g, h) with even multiplicities for which q is simple 
and noncompact. The list has been extracted from the classification due to Oshima and Sekiguchi 
OS80]. It is presented in three tables respectively collecting (for the even multiplicity case) the 
Riemannian symmetric pairs (Table 1), the non-compactly causal (NCC) symmetric pairs (Table 
2) and the other K £ symmetric pairs (Table 3). A non- Riemannian i^ e -symmetric pair is said to be 
of type K £ I if its signature e comes from a gradation of first kind according to Ka96 . Otherwise 
it is said to be of type K £ II. The symmetric pairs of type K e I coincide with the NCC symmetric 
pairs. Table 3 therefore collects all symmetric pairs with even multiplicities of type K £ II. 

The restricted root system E of a ^-symmetric pair with even multiplicities has at most two 
root lengths. The classification below shows that all multiplicities m a of S are equal, and moreover 
that they are all equal to 2 for symmetric pairs of type K £ II. The restricted root system and mul- 
tiplicities of a fQ-symmetric pair (fl, f)) coincide with those of the corresponding Riemannian dual 
symmetric pair (fl, 6). They are explicitly reported in Tables 2 and 3 for the reader's convenience. 

If £ is of type X n (with X n G {A n , B n , C n , •••}), then the index n denotes the real rank of q. 
The range for n is chosen to avoid over lappings due to isomorphisms of symmetric spaces. These 
isomorphisms arise from isomorphisms of the lower dimensional complex Lie algebras. We refer to 
Hcl78 |, Ch. X, §6, for more information. After each table below we report the relevant symmetric 
pair isomorphisms. 

Special isomorphisms of Riemannian symmetric spaces with even multiplicities are 



so(3,C) = sp(l,C) f 


aaI(2,C), 


so(3) = sp(l) f 


ssu(2); 


sp(2,C) f 


a*o(5,C), 


sp(2) F 


aso(5); 


S0(6,C) F 


a*r(4,c), 


so(6) f 


a 5u(4) ; 


00(3,1) f 


a*f(2,C), 


so(3) f 


a5 u(2); 


50(5,1) F 


^su*(4), 


so(5) F 


aap(2). 
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fi = e 


E 


m Q 




a[(n,C) 


su(n) 


A n —i 


2 


n > 2 


5o(2n + 1,C) 


so(2n + 1) 


B n 


2 


n > 2 


sp(n, C) 


sp(n) 


C n 


2 


n > 3 


so(2ra,C) 


so(2n) 


D n 


2 


n > 4 


(ee)c 


ee 


Eq 


2 




(*t)c 


e 7 


Ej 


2 




(e 8 )c 




Eg 


2 




(f 4 )c 


f4 


Fa 


2 




(fl2)c 


02 


G 2 


2 




su*(2n) 


Sp(n) 


A n -1 


4 


n > 2 


e 6(-26) 


f4(-20) 


A 2 


8 




so(2ra + 1,1) 


so(2n + l) 




2n 


n > 3 



Table 1. Riemannian symmetric pairs with even multiplicities. 

The Lie algebra so(2, C) is not semisimple. Observe also that so (4, C) = s[(2, C) x sl(2, C) is not 
simple. The structure of its homogeneous spaces can be therefore deduced from the structure of 
the homogeneous spaces of sl(2, C). 

In the next table we list all the non-compactly causal, or K £ I, symmetric pairs with even mul- 
tiplicities. The third column reports the subalgebra of Q fixed by 99 £ , where 9 e is the involution 
associated with the JT £ -pair (5, f)). 






f) 




E 


m a 




sl(n,C) 


su(n - j, j) 


sl(n - j,C) x s((j,C) x C 


A n _i 


2 


n > 2, 1 < j < [n/2] 


so(2n + 1,C) 


so(2n - 1,2) 


so(2n- 1,C) x C 




2 


n > 2 


sp(n, C) 


sp(n,M) 


l(n,C) 


C n 


2 


n > 3 


so(2n,C) 


so(2n-2,2) 


so(2n-2,C) x C 


D n 


2 


n > 4 


so(2n,C) 


so*(2n) 


((n,C) 


D n 


2 


n > 4 


(ee)c 


*6(-14) 


so(10,C) x C 


Ee 


2 




(<7)c 


*7(-25) 


(e 6 ) c x C 


E 7 


2 




su*(2ra) 


sp(n - i,i) 


su*(2(n- j)) x su*(2j) x M 


A n -1 


4 


" > 2, 1 < J < [n/2] 


e 6(-26) 


f 4 (-20) 


so(9, 1) x R 


A 2 


8 




so(2n + 1,1) 


so(2n, 1) 


so(2n + l)xK 


Ai 


2ra 


n > 3 



Table 2. Non-compactly causal symmetric pairs with even multiplicities. 
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Special isomorphisms of NCC symmetric pairs with even multiplicities are 

so(3, C) = sp(l, C) w sl(2, C), 80(1, 2) » sp(l, R) » su(l, 1) 

sp(2, C) w so(5, C), sp(2, R) » so(3, 2) 

so(6, C) w sl(4, C), so(4, 2) » su(2, 2) 

so(6,C) «sl(4,C), so*(6) «su(3,l) 

so(3, 1) w sl(2, C), so(2, 1) w su(l, 1) 

so(5,l) wsu*(4), so(4,l) «sp(l,l). 

The last table contains all the other /^-symmetric pairs, i.e. those of type K S II, with even 
multiplicities. 










S 


m a 




so(2ra + 1,C) 


50(2(n-i) + l,2j) 


so(2(n - j) + 1, C) x so(2j, C) 


B n 


2 


n > 2, 2 < j < n 


sp(n, C) 


sp(n-j,j) 


sp(n-j,C) xsp(j,C) 


C n 


2 


n > 3, 1 < j < [n/2] 


so(2n,C) 


ao(2(n-j),2j) 


so(2(n- j),C) xso(2j,C) 


D n 


2 


n > 4, 2 < j < [n/2] 


(«6)c 


e 6(2) 


«[(6,C) x s((2,C) 


E 6 


2 




(e7)c 


e 7(7) 


sl(8,C) 


Ei 


2 




(e7)c 


*7(-5) 


50(12, C) x «I(2,C) 


E 7 


2 




(es)c 


e 8 (8) 


50(16, C) 


Eg 


2 




Os)c 


e 8(-24) 


e 7C xsl(2,C) 


E s 


2 




(f 4 )c 


f4(4) 


5p(3,C) x s((2,C) 


Fa 


2 




(f 4 )c 


f4(-20) 


so(9,C) 


Fa 


2 




(fl2)c 


02(2) 


sl(2,C) x s((2,C) 


G 2 


2 





Table 3. Other i^ e -symmetric pairs with even multiplicities. 



A special isomorphism of K £ II symmetric pairs with even multiplicities is 

sp(2, C) w so(5, C), sp(l, 1) w so(l, 4) . 
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